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ABSTRACT

The objective of this study was to investigate thermal stresses in oxidation protection
coatings on carbon-carbon composites. Multilayer coatings with each layer of coating ap-
plied at a different temperature, and gradient coatings with continuously varying properties
through the thickness of the coating were considered. Particular emphasis was on the pre-
diction of the thermal stresses in the vicinity of geometric discontinuities.

For the analysis an incremental generalized plane-strain finite element model that ac-
counts for temperature-dependent material properties and continuously varying properties
in the gradient coatings was developed. The model is based on an incremental constitutive
equation for linear thermoelastic materials that accounts for the coupling between stresses
and the temperature-dependence of the material properties. In addition to the finite ele-
ment model, an incremental simplified plane stress analysis for the prediction of stresses
away from geometric discontinuities was developed.

Analyses of carbon-carbon substrates with coatings showed that large stress concen-
trations in the coatings may be present near the geometric discontinuities. It was found
that inserting a compliant layer between the carbon-carbon substrate and the oxidation
protection coatings, or inserting a gradient coating with properties varying from those of a
compliant material near the carbon-carbon substrate to those of the oxidation protection
coating near the oxidation protection coating, could be used to significantly reduce the mag-
nitudes of the stresses in the stress concentrations. The influence of geometric and material
parameters on the stresses was studied and for some combinations of parameters stresses
near the geometric discontinuities could be reduced to magnitudes that were smaller than
the magnitudes of the stresses away from the discontinuities.

For coatings applied at different temperatures, the application temperature of the coat-
ings significantly influenced the magnitude of the stresses. The lowest stresses were obtained
for gradient coatings for which the application temperature of the gradient coating varied

continuously, proportional to the material composition in the gradient coating.
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Chapter 1

Introduction

The research presented in this dissertation focused on the prediction of stresses in coatings
on carbon-carbon composites. Carbon-carbon composites are candidate materials for high
temperature applications. However, because they tend to oxidize at elevated temperatures,
coatings are applied to carbon-carbon composites for oxidation protection. Due to the
thermal expansion mismatch between the carbon-carbon substrate and the coatings, the
coatings can microcrack, which then leads to oxidation of the carbon-carbon substrate. To
be able to design coatings that do not microcrack, the stresses generated in the coatings
during processing and service conditions of the carbon-carbon composite have to be under-
stood. Thus, the aim of the present research was to shed light on the nature of stresses in
coatings on carbon-carbon composites, and to provide the material designer with a tool to
study concepts that might lead to reduced stresses in the coatings and result in crack-free
coatings. Additionally, several coating and material architecture concepts were explored to
provide insight into possible reduction of coating stresses.

In the following, a review of carbon-carbon composites is given. First, in Section 1.1
a motivation for the use of high temperature materials is given and it is described where
carbon-carbon composites can be used. Then in Section 1.2 some applications for which

carbon-carbon composites are already successfully used are described. Next the processing
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and properties of carbon-carbon composites and concepts for the oxidation protection are
discussed in Sections 1.3.1 and 1.3.2, respectively. Literature relevant to the thermome-
chanical analysis of carbon-carbon composites, coatings, and functional gradient materials
is reviewed in Section 1.4. Then the objectives of the present research and the approach
taken are described. Finally, in Section 1.5 a detailed outline of the chapters to follow is

given.

1.1 High Temperature Materials

A good motivation for the use of high temperature materials is given by Meetham [49].
Meetham cites several examples in which the use of high temperature materials results in
more efficient products. More efficient products are especially important in industries for
which the price of fuel is a major concern. For example, the efficiency of gas turbine en-
gines can be increased by 6% if the operating temperature is increased by 150°C. Other
applications in which high temperature materials are essential are space vehicles, high speed
aircraft, and rocket engine cases. All of these applications involve materials with proper-
ties that are not exhibited by conventional materials. The objective of ongoing research
is to develop material systems for the use in the temperature range between 500°C and
2000°C [6,63]. High temperature material systems include high specific strength and high
temperature intermetallic compounds, as well as fiber reinforced ceramics. The high spe-
cific strength intermetallic compounds under development are TiAl alloys. These alloys are
expected to reach a strength of over 100 MPa at temperatures over 1100°C. Currently
TiAl alloys are available for temperatures up to 800°C, but before these can be used in air-
craft structures their manufacturability and fracture behavior must be improved [6]. The
high temperature intermetallic compounds are based on NbAl systems and are expected to
reach a tensile strength of 75 MPa at 1800°C. Fiber reinforced ceramics like carbon/carbon
(C/C), carbon/silicon carbide (C/SiC) and silicon carbide/silicon carbide (SiC/SiC) have

much better fracture behavior than ceramics that are not reinforced [6]. Currently, they
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can be used for limited time at temperatures up to 1800°C. Carbon-carbon composites
with a two-directional fiber lay-up are expected to retain a tensile strength of over 700
MPa and a tensile modulus of over 200 GPa after heating for 20 hrs at 2000°C, or after
heating for 200 hrs at 1800°C [63]. A comparison of the strength-temperature regimes of
several high temperature materials, as shown in Fig. 1.1, indicates that while there are
several materials available for temperatures up to 1500°C, fiber reinforced ceramics are
the only materials that retain their strength at higher temperatures. Among the fiber re-
inforced ceramics, C/C composites have many favorable attributes, such as high damage
tolerance, high toughness, excellent thermal shock resistance, fatigue resistance, and good
frictional characteristics [72]. Considering those attributes, it appears that C/C composites
should be the material of choice for very high temperature applications. However, C/C
composites are not without problems. Carbon reacts rapidly with oxygen at temperatures
as low as 400°C. This reaction causes rapid degradation of the C/C composite. Thus effec-
tive oxidation protection is necessary to successfully use C/C composites at temperatures
above 400°C. Another drawback of C/C composites is their very high cost. Depending
on the manufacturing process, the cost may be between $600/kg and $6000/kg. For many

applications, the attributes of C/C composites outweigh the limitations.

1.2 Applications of Carbdn/ Carbon Composites

Today C/C composites are successfully used in several applications. Major high tempera-
ture applications include aircraft brakes, rocket motors, heat shields for re-entry vehicles,
turbine engine components, and industrial components [62,64]. Friction between rotat-
ing and stationary disks in aircraft brakes causes them to heat up to 500°C, with surface
temperatures up to 2000°C. Technological advances that caused the price of C/C air-
craft brakes to drop from $1375/kg to $375/kg have made it commercially advantageous
to use C/C brakes in civil aircraft [64]. Probably the most well known application of C/C

composites is their use as heat shields of re-entry space vehicles. An examination of the
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Figure 1.1: Strength/temperature regimes of some high temperature materials (from [49]).

temperature distribution during re-entry of the space shuttle orbiter, Fig. 1.2, shows that
the orbiter experiences temperatures of up to 1600°C at the nose cone and at wing leading
edges. Carbon-carbon composites with SiC coatings for oxidation protection are success-
fully used for the construction of these structural components [27]. The excellent thermal
shock resistance permits rapid transition from -160°C in the cold of space to the high
temperatures of re-entry without fracture [64]. Industrial applications of C/C composites
include high temperature fasteners, hot press dies, and hot gas ducts. The formability of
C/C composites and thus the possibility to manufacture more complex components like
integral skin-stringer panels and C/C thermal protection panels has been demonstrated by
Kinjo, et al. [36]. The different applications mentioned may require different properties of

C/C composites. In the next section it is described how the processing conditions can effect
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Figure 1.2: Temperature distribution (°C) on the space shuttle orbiter during re-entry
(from [27]).

properties of C/C composites and thus can be adjusted to tailor C/C composite properties
for specific applications.

Most of the applications mentioned in the preceding discussion require only a limited
lifetime of the C/C composites. For successful use of C/C in applications that require a
longer lifetime and greater degree of thermal cycling, like turbine engines, improvement
of the oxidation resistance is required. This may possibly be achieved by using matrix
inhibitors, selecting proper coating sequences, or using gradient coatings. This is a topic of

current research (e.g. [49,59, 64]).
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1.3 Carbon/Carbon Composites

1.3.1 Processing and Properties

As discussed by Savage [64], C/C composites cannot be regarded as one material system
with a given set of properties. Rather, they should be regarded as a family whose properties
can be tailored to specific applications. Major factors influencing the properties of C/C
composites are the carbon fiber type used, the processing method for the matrix, and the
architecture of the carbon fiber preform. Ngai [52] gives a good summary of the processing
and material characteristics of C/C composites.

A good classification of available carbon fibers and their processing parameters and the
resulting properties is given by Fitzer [20]. Another more detailed review of the processing
of carbon fibers and the influence of the processing parameters on their properties is given
by Savage [64]. The properties of carbon fibers depend mainly on the precursor used to
manufacture the fibers, and on the heat treatment of the fibers. The precursors currently
used are rayon, polyacrylonitrile (PAN), and mesophase pitch. The most important steps in
the processing of the fibers are the carbonization and graphitization. During carbonization
the carbon content of the material is increased from the precursor, usually by pyrolysis, until
an almost pure carbon residue is obtained. During the graphitization process the structure
of the carbon residue is transformed into a graphitic structure. The degree of graphiti-
zation depends on the heat treatment temperature. Heat treatment is classified into low
(up to 1400°C), intermediate (1300°C to 2000°C), and high (above 2000°C) temperature
treatment [20]. In general, the modulus of the carbon fibers increases with heat treatment
temperature, while the strength reaches a maximum at intermediate heat treatment tem-
peratures. PAN based fibers generally have a higher strength and a lower modulus than
pitch based fibers. Properties of available PAN based fibers range from fibers with a tensile
modulus of 300 GPa and a tensile strength of 7000 MPa, to fibers with a tensile modulus
of 500 GPa and a tensile strength of 4000 MPa. The range of pitch based fibers is from
fibers with a tensile modulus of 500 GPa and a tensile strength of 3000 MPa, to fibers with



CHAPTER 1. INTRODUCTION

a tensile modulus of 740 GPa and a strength of 2800 MPa. Rayon based fibers generally
have a lower strength than PAN or pitch based fibers [64].

Processing of the matrix for C/C is usually achieved by chemical vapor deposition (CVD)
or by multiple impregnation pyrolysis using thermosets or thermoplastics. Chemical vapor
deposition yields the best carbon matrices and thus the best composite properties. However,
the process is extremely slow and, therefore, very expensive. Also, the processing parameters
in CVD have a large influence on the final properties, and hence the process has to be
monitored carefully. The least expensive of the processes is multiple impregnation pyrolysis
using thermosets. The quality of the composite obtained using this process, however, is not
as good.

Goetzel [23] examined the variation of properties of C/C composites with temperature.
Two composites made of rayon precursor carbon fiber square-weave cloth with different
densities, and one composite made from a square-weave fabric of fibers derived from PAN,
were tested. The nominal densities of these three composites were 1525 kg/m3, 1650 kg/m3,
and 1850 kg/m?3, respectively. Goetzel found that the higher density composites had the
better properties, but that the overall variation of properties with temperature for all three
composites was similar. Goetzel observed that for all materials the tensile strength, the
compressive strength, and also the shear strength and the interlaminar strength increased
with temperature. Huettner, et al. [31] attribute the increasing strength to the C/C fiber-
matrix interface interactions. The carbon fibers expand transversely more than the carbon
matrix and therefore a more effective load transfer is possible at higher temperatures. The
moduli of the materials in Goetzel’s study remained constant for temperatures up to 2275°C.
Above 2275°C all moduli except for the tensile modulus of the PAN based composite began
to drop, a characteristic which Goetzel attributed to the onset of plastic deformation. The
coefficient of thermal expansion of all composites increased with temperature. For the rayon
based composites the inplane coefficient of thermal expansion varied between 1.0 x 1076/°C
at 775°C and 3-4x10~6/°C at 3275°C, while the transverse coefficient of thermal expansion
of the PAN based composite varied between 3-4x107%/°C at 775°C and 8 x 107¢/°C at
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3275°C. The inplane coefficient of thermal expansion of the PAN based composite was
negative at low temperatures and increased to 2 x 1076/°C at temperatures above 2275°C.
The transverse coefficient of thermal expansion varied between 10 and 13x 1076 /°C over the
temperature range. Properties of C/C composites with other preform constructions, e.g.,
three-dimensional Cartesian and polar weaves, can be found in [52]. The specific properties
of the C/C composite used in the present study are given in Appendix A.

1.3.2 Oxidation and Oxidation Protection

As mentioned at the onset, the rapid reaction of carbon with oxygen at temperatures as low
as 400°C is the limiting factor in the use of C/C composites. Usually external coatings are
applied to the C/C composite to avoid oxidation. These coatings are deposited on the C/C
composite at temperatures between 1000°C and 1800°C. Because of the large mismatch in
coefficient of thermal expansion between the coatings and the C/C composite, the coatings
microcrack when the composite is cooled. Oxygen can then be transported through the
microcracks and cause oxidation of the substrate. Extensive research efforts are underway
to try to improve the oxidation protection of C/C composites (e.g. [10, 17, 28]).

The onset of oxidation can be raised above 650°C by the use of substrate inhibitors.
These inhibitors are ceramics, usually boron or boron compounds, that are placed within
the carbon matrix and that form glasses which flow within the structure and provide oxygen
barriers [59,64]. Gee and Little [22] tested a combination of a SiC coating with a B2O3
inhibitor. They found that this combination protects C/C composites at temperatures up
to 1000°C for extended periods of time. The fluidity of the glass sealed the microcracks
at temperatures above 500°C and thus prevented oxidation of the substrate. The use
of borate glasses as crack sealants is restricted to temperatures below 1500°C because
above this temperature the glasses become volatile. Short-term protection of the C/C
substrate at temperatures between 1500°C and 1750°C can be achieved by using SiC and
SizN4 outer coatings and no inhibitors. Above this temperature multilayer coating systems

have to be used [64—66]. Multilayer coating systems are necessary to provide protection
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against oxidation and erosion, while maintaining chemical compatibility. A coating sequence
suggested by Sheehan [65] consists of a refractory oxide outer layer as an erosion barrier, a
SiO; glass as an oxygen barrier, and a refractory oxide and a refractory carbide for chemical
compatibility. Each material in such a multilayer coating has its own unique set of material
properties, failure characteristics, and coating application temperature. Other research
efforts to eliminate or reduce the microcracking of the coatings include the development
of C/C composites with a higher coefficient of thermal expansion or the use of very low
coefficient of thermal expansion coating materials [43). Kinjo, et al. [36] and Strife [69] have
shown that the application of coatings to C/C substrates does not degrade the mechanical
properties of the composite.

More recently the use of functional gradient coatings to reduce the stresses in the coat-
ings and prevent microcracking was suggested. As stated by Cherradi, et al. [14]:

Functional gradient materials (FGMs) are a new class of advanced materials
characterized by compositional and/or microstructural gradation over macro-

scopic/microscopic distances.

Cherradi, et al. give a summary of recent developments in FGMs. Duva, et al. [19] showed
that FGMs can be used to significantly lower stresses in engineering problems. They found
that the loading required to initiate plastic deformation at stress concentrations in an in-
finite plate with a circular hole and in a matrix that is perfectly bonded to an infinitely
long, rigid circular cylindrical fiber could be doubled through the proper design of the ma-
terial. Different methods for processing of FGMs are described by Shiota, et al. [67] and
by Cherradi, et al. [14]. Lannutti [41] mentions several issues that can be controlled by
the composite architecture of FGMs. These include strength, toughness, thermal shock
resistance, and creep. Functional gradient materials are used as functional gradient coat-
ings, functional gradient joints, and functional gradient materials themselves (Cherradi, et
al. (14]). The following discussion focuses on functional gradient coatings.

Functional gradient coatings were first used as thermal barrier coatings [37]. The idea
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of using FGMs as a thermal barrier material was to prepare a new composite by using heat
resistant ceramics on the high temperature surface and tough metals on the low temperature
surface, with gradual composite variation from ceramic to metal. FGMs have also been used
as fiber coatings to reduce stresses between fibers and matrices [32, 60).

Of interest for the present research is the use of FGMs as coatings on C/C compos-
ites. Sohda, et al. [68] experimentally studied microcracking of SiC/C functional gradient
coatings on C/C composites. They used CVD to deposit SiC/C FGMs on hemispherical
materials of 50 mm diameter. By changing the CVD conditions they produced porous and
dense FGMs. Thermal fatigue tests showed that the porous coating structures are resistant
to cracking and delamination, while dense coatings crack and delaminate. Suemitsu, et
al. [70] also studied SiC/C FGM coatings on C/C substrates. In addition, they produced
modified matrix C/C composites that had different volume fractions of SiC in the carbon
matrix. They found that both the modified matrix composites and the SiC/C FGM coatings
showed much better heat resistance than conventional C/C composites with discrete SiC
coatings. Kowbel, et al. [39,40] investigated the oxidation protection of C/C composites
by graded SiC/C CVD coatings and by plasma assisted CVD silicon nitride coatings. They
did not observe cracking of the coatings for either case. For the plasma assisted CVD they
attributed this to the low deposition temperature of the coating and therefore to low ther-
mal stress and fewer defects in the coating. For the graded SiC/C coating they attributed
the absence of cracks to a redistribution of the thermal stresses due to the graded inter-
faces. Kowbel [38] further investigated other CVD FGM coatings. These included SiC/C,
BN/Si3Ny4, and C/B4C/SiC coatings on two-dimensional C/C substrates. As in [39, 40] the
gradient SiC/C coatings produced crack free coatings. The presence of the functional gra-
dient sealants in both the BN/Si3N4 and C/B4C/SiC coatings provided good crack filling
capabilities.
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1.4 Analysis of Carbon/Carbon Composites

From discussions in the previous sections it is apparent that the behavior of coatings on C/C
composites is quite complex; material properties may depend on temperature, coatings may
be added to the C/C substrate at different temperatures, and coatings may have continu-
ously varying properties through their thickness. Though several researchers experimentally
studied issues related to coatings on C/C composites ( Section 1.3.2), only few analytical or
numerical studies exist which specifically address stresses in coatings on C/C composites.
Therefore in the following a more general review of literature on thermomechanical analysis
of coated structures, composite materials with temperature-dependent material properties,

and FGMs is given.

1.4.1 Thermomechanical Modeling of Carbon/Carbon Composites and
Coatings

Coated structures have been analyzed by a number of researchers. However, most of them
consider isotropic materials or simple geometries. Analytical models for thin coatings on
isotropic substrates have been presented by Lucheta [44], Olesiak [55], Padovan [58] and
Touati, et al. [73]. Padovan [58] and Touati, et al. [73] have included the effect of the growth
of an oxide layer in their analysis. In a series of papers Padovan, et al. [56,57] and Taylor
and Bill {71] analyzed thermal stresses in ceramic coatings on gas turbine seals using the
finite element method. All of these were for the case of the coatings and the substrate being
isotropic. Substantial stresses that could lead to failure of the coatings were predicted.
A compensating or compliant layer concept to reduce the stresses between fibers and the
matrix in metal matrix composites was studied by Arnold, et al. [7].

Copp, et al. [15] used a finite element model for the failure analysis of uncoated C/C
composites under three-point bending. Their analysis agreed well with the experimental re-
sults they obtained. Mahfuz, et al. [45,46] conducted a similar analytical and experimental
study of C/C composites with a SiC coating under three-point bending. In [45] they used
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a large deflection finite element model. They calculated deflections and stresses at different
temperatures for given loads. A comparison of their finite element results and experiments
showed that the model accurately predicted deflections, but that stresses at elevated tem-
peratures were overestimated in coatings and underestimated in the substrate. Yamada, et
al. [78] analyzed a C/C composite with a SiC coating and a controlled compositional gra-
dient interlayer using a plane-strain finite element model. In this study the gradient layer
was approximated by several constant property layers with progressively varying material
properties. They found the interlayer reduced stresses in the SiC coating. All the analyses
in references [15, 45, 46, 78] assumed temperature-independent material properties.

Recent review papers by Noda [53] on thermal stresses in materials with temperature-
dependent properties, and by Noor and Burton [54] on computational models for high
temperature multilayered composite plates and shells, provide a good background on work
that has been done on thermomechanical analysis. Thermomechanical analysis of structures

with temperature-dependent material properties can be divided into two classes of analyses:
1. Endpoint analysis
2. Incremental analysis.

In the endpoint analysis the structure is usually considered stress- and strain-free at some
initial state. Then a temperature field is imposed on the structure and the material proper-
ties in the structure are calculated. Because the structure can be subjected to temperature
gradients, material properties may vary within the structure, even if the structure is com-
posed of only one material. Once the material properties are known, displacements and
stresses are calculated in the same manner as for temperature-independent analysis. Many
of the investigations that include temperature-dependent material properties fall into this
class. Examples are the papers Allen [2], Chen, et al. [11], and Kalam [34]. A modification
to the endpoint analysis is used in buckling problems. Here an initial solution is calcu-
lated based on temperature-independent properties. Then the temperature-independent

solution is used as an initial guess for an iterative procedure to find the buckling load for
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temperature-dependent properties [12,13,35]. The endpoint analysis, however, cannot be
used for structures to which coatings are applied at different temperatures, as in the present
research, or structures in which plasticity or creep effects need to be considered.

With an incremental analysis, an appropriate incremental constitutive law has to be
used. This incremental constitutive law needs to account for the coupling between the
stress state and the temperature dependence of the material properties. Hahn and Pagano
[26] in an analytical investigation of curing stresses in laminates, and Griffin [24] in a finite
element analysis of curing stresses, showed that neglecting this coupling term can lead to
significant errors in the results. Hsu [30] derived finite element equations for elastic-plastic
and creep problems including this coupling term for isotropic materials. A more detailed
discussion of the incremental constitutive equations will be given in Chapter 2.

An analysis of the high temperature thermomechanical behavior of Carbon/Phenolic
and C/C composites was conducted by McManus and Springer [47,48). They included the
effects of pressure distribution, volatile and vapor formation, and char formation in their
model for stress and strain analysis of the composite. However, they did not study coatings
and used only simple geometries.

Functional gradient materials have been analyzed in several different contexts. Analytic
solutions based on concentric cylinder models were derived for FGMs as fiber coatings to
evaluate the possible reduction of stresses in the matrix. For example, Jayaraman and Reif-
snider [32] investigated the effect of spatially varying material properties in the interphase
region between fiber and matrix on the stress distribution in fiber and matrix, and Pindera,
et al. [60] studied the thermoplastic response of metal matrix composites with functionally
graded interfaces. Finite element analyses of FGMs as thermal barrier coatings were con-
ducted by Mendelson and McKechnie [50] and by Fuchiyama, et al. [21]. Mendelson and
McKenzie assumed a two-dimensional axisymmetric cylindrical geometry to model a turbine
vane subjected to a gas temperature of 2140°K on the hot surface and a cooling air tem-
perature of 775°K on the other surface. In their analysis they approximated the functional
gradient material by several progressive constant property layers. They investigated differ-
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ent material property variations in the FGM and found that all material property variations
reduced the steady state vane temperature compared to an uncoated vane. An exponential
gradient layer design yielded the lowest tensile stress in the coatings. Fuchiyama, et al. [21]
analyzed a circular plate with material properties varying through the thickness of the plate
from a ceramic material at the top surface to a metal at the bottom surface . They studied
the nature of cracks in this plate as it was subjected to heating and cooling at the top
surface. They found that small through-the-thickness cracks occurred on the ceramic side
of the plate. In a series of articles Williamson, et al. [77], Drake, et al. [18], and Williamson
and Rabin [76] analyzed thermal stresses in graded Ni-AlyOj3 interfaces. They considered
axisymmetric disk and rod specimen geometries. The graded microstructures was treated
as a series of perfectly bonded layers, each having slightly different material properties.
In [77] Williamson, et al. showed that plasticity is important in realistically assessing stress
reductions. In [18] and [76] it was shown that the stress reduction strongly depended on
the thickness and the compositional profile of the interface layer. For some compositional
profiles and thicknesses, the stresses in specimens with graded interfaces were higher than
the stresses in specimens without graded interfaces. Stress and plastic strain reductions
were observed for thick interlayers and composition profiles that avoided large property
gradients in areas exhibiting high moduli and little plasticity. Their analysis was restricted
to isotropic materials.

Aboudi, et al. [1] used a micromechanical theory to study the response of functionally
graded metal matrix composites subjected to thermal gradients. In their micromechanical
model they accounted for variable fiber spacing as a means to create FGMs. Their results
show that it is possible to obtain more favorable stress distributions by appropriately spacing

fibers in the through-the-thickness direction than by using uniform materials.

1.4.2 Objectives of the Present Research

From the literature review in the preceding section it can be seen that there has been ana-

lytical work conducted on different aspects of the response of C/C composites at high tem-
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peratures. However, none of this work has included the combined effects of substrates with
geometric discontinuities, FGMs, and multiple coatings in an analysis with temperature-
dependent material properties and orthotropic substrates and coatings. Hence, the objec-

tives of the present work are to:

include temperature-dependent material properties in the analysis of coated struc-

tures,

study the influence of including such properties,
e characterize the influence of geometric discontinuities, and
e characterize the influence of multilayer coatings and FGM coatings.

The analysis tool of choice is the finite element method because it can easily handle ge-
ometric discontinuities. Because only ceramic coatings that do not plastically deform are
considered, plastic deformation was neglected in the present study. It should also be noted
that failure was not addressed explicitly, i.e., by including a failure criterion. This approach
was taken because the focus of the work was on the influence of various parameters on
stresses. Implicit in this is the fact that anything that lowers the stresses, e.g. gradient
coatings, is always desirable from the point of view of failure, and anything that increases
stresses, e.g., geometric discontinuities, is always undesirable. This approach to “studying
failure” is felt to be as valuable as predictions of, for example, failure temperatures based
on some criterion, for example, cracks forming in the coatings.

The research focuses on a particular C/C component with several layers of coatings,
as illustrated in Fig. 1.3. Each coating can either consist of a single material or can be
a FGM coating with continuously varying properties through its thickness. The corner
represents a frequently encountered change in geometry that leads to stress concentrations.
The C/C component in the figure represents the cross-section of a beam, plate, or other
structural component. It is assumed that none of the dimensions, material properties, nor

the temperature vary with the out-of-page coordinate. This categorizes the problem as one
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Figure 1.3: Geometry of C/C substrate with several coatings.

of generalized plane-strain. The typical range of dimensions for the geometry shown in
Fig. 1.3 is

0.0025 < tigyer < 0.4 mm
1< 2t <6.25 mm
2.5 € 2wy < 300 mm

0.025 < r < 3.175 mm.

Here 2t,,; is defined as the substrate thickness, 2 w,,; is defined as the substrate width, r is
the radius of the corner, and t/4y.- is the thickness of a coating. The substrate being modeled
represents a cross-ply composite with fibers oriented left-right in Fig. 1.3, and perpendicular
to the page. The substrate is thus orthotropic in the cross section of Fig. 1.3. Because
interest focuses on the coatings, the substrate is modeled as an equivalent homogeneous

solid. Details of the microstructure of the C/C substrate are ignored.
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1.5 Overview of the Dissertation

In Chapter 2, a typical problem for the analysis of C/C substrates with coatings is presented.
The importance of using incremental constitutive equations is described and the incremental
constitutive equations are derived. These incremental constitutive equations are then used
in the derivations of the generalized plane-strain finite element equations.

Simplified analysis models based on the incremental constitutive equations are derived
in Chapter 3. These models are an incremental simplified plane-stress analysis and an in-
cremental elasticity solution for axisymmetric concentric cylinders. Both of these simplified
models allow for application of coatings at different temperatures. The simplified models
are important as they are used to verify to a large degree the finite element model. Also,
the incremental simplified plane-stress analysis can be used to predict stresses in coatings
away from geometric discontinuities and the axisymmetric elasticity solution can be used
to predict stresses in coatings on fibers.

In Chapter 4, the test cases used to verify the simplified analyses and the finite ele-
ment model are described. Both simplified models were compared to standard solutions for
cases with temperature-independent material properties. The finite element model was then
verified by comparing results obtained using the model to results obtained using both the
incremental simplified plane-stress analysis and the incremental axisymmetric elasticity so-
lution. Further, for temperature-independent material properties, the finite element model
for a gradient coated fiber was compared with an exact solution available in literature. Fi-
nally, for a realistic geometry and temperature-dependent material properties, the solution
obtained using the finite element model for an approximation of a gradient coating by using
an increasing number of constant property coatings with progressively different properties
was compared to the finite element solution with a single gradient coating wherein the
properties varied continuously.

In Chapter 5 results from temperature-independent analyses are presented. These re-

sults are used to introduce the reader to characteristics of the stress distribution in the



18

CHAPTER 1. INTRODUCTION

coatings, especially in the vicinity of geometric discontinuities. The studies presented in
Chapter 5 are a convergence study, a study of the influence of the corner region on stresses,
including a limited study of the effects of coating moduli on the influence of the corner
region stresses, a study of the influence of substrate orthotropy on stresses, and a study of
the influence of the corner radius on the stresses in the coatings and the substrate.

Results from temperature-dependent analyses of a C/C substrate with a SiC coating
and of a C/C substrate with a B4C and a SigN4 coating applied at different temperatures
are presented in Chapter 6. For both cases, room temperature stresses in the far-field and
in the corner regions are discussed in detail. It is shown that both compensating/compliant
coatings and gradient coatings next to the substrate can be used to reduce stresses in
the outer oxidation-protection coatings. Further, the effects of material properties and
orthotropy of the compliant coatings on the stresses are presented, and the distribution of
the material properties through the thickness of the gradient coatings is shown to have a
significant effect on the stresses. For the case of applying coatings at different temperatures,
the effect of varying the application temperature of the coatings on the stresses in the
coatings is discussed.

In Chapter 7, the important results from the studies in Chapters 5 and 6 are sum-
marized. Based on these results, conclusions are drawn with emphasis on the nature of
the stress distributions in the substrate and coating and the efficiency of stress reduction
concepts. Recommendations for future work are outlined.

All temperature-dependent material properties used in this research are given in Ap-
pendix A. The effect of different forms of incremental constitutive equations on the stresses
in a simple clamped-clamped beam are discussed in Appendix B. Equations for the trans-
formation of the stiffness tensor of an orthotropic material from the material coordinate
system to a global coordinate system are given in Appendix C. In Appendix D a brief
outline of the implementation of the finite element model and the solution procedure are
given. It is explained how the temperature-dependent material properties and the gradient

coating properties are evaluated.



Chapter 2

Incremental
Temperature-Dependent Finite

Element Analysis

In this chapter the incremental temperature-dependent finite element analysis model is
derived. The finite element model is a generalized plane-strain model based on linear
elasticity. A typical cross section of the C/C structure considered in the present research
was shown in Fig. 1.3. It is assumed that the temperature distribution is spatially uniform.
In a typical problem the stress- and strain-free temperature for a C/C substrate is given, and
the temperatures at which the coatings are to be applied to the substrate are specified. The
stress and strain states of the substrate and coatings at some other specified temperature
are desired. It is assumed that a coating is free of stress and strain at its application
temperature, and that during the application of a new coating the states of the substrate
and the previously applied coatings do not change. The individual steps in the analysis
sequence are indicated by circled numbers in Fig. 2.1. In the first step, the substrate is
heated from its stress- and strain-free temperature Ty to the temperature at which the first

coating will be added. Here a B4C coating will be added at 1000°C. During this process
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the substrate experiences free thermal expansion and no overall stresses are generated in
the substrate. Therefore, this step can usually be omitted in the numerical analysis. In the
second step, the coating is added to the substrate. It is assumed that the stress-free state of
the substrate does not change during the application of the coating. The coating is assumed
stress- and strain-free when it is applied. This stress- and strain-free temperature is the
reference temperature for a particular coating, denoted as T,.¢. Specifically, in this example
the reference temperature for the B4C coating is Tys,,c = 1000°C. In the third step, the
substrate and the B4C coating are heated to the application temperature of the next coating,
here 1500°C. Because of the thermal expansion mismatch between substrate and coating,
strains and stresses are generated in the substrate and the B4C coating during heating to
1500°C. At 1500°C the next coating, here SigNy, is added over the B4C coating. Again, it
is assumed that during the application of the SizN4 coating the stresses and strains in the
B4C coating and the substrate do not change. Also, the Si3N4 coating is assumed to be
free of stress and strain. The reference temperature for this coating is Tr.f,siyN, = 1500°C.
Finally in the fifth step in this example, the substrate and the two coatings are cooled to the
analysis temperature at which stresses and strains are desired. The analysis temperature is
denoted as T,. Here T, = 20°C, or room temperature. Due to the fact that coatings may be
applied to the C/C substrate at different temperatures, it is not possible to use the endpoint
analysis as described on page 12 in Chapter 1. Instead, an incremental formulation of the
governing equations is necessary that accounts for the coupling between the stress state
and the temperature-dependence of the material properties [24-26,30]. This incremental
formulation is based on incremental constitutive equations. These equations are discussed

in the next section.

2.1 Incremental Constitutive Equations

Two approaches for deriving the incremental constitutive equations for linear elastic mate-

rials with temperature-dependent properties are discussed. The first approach is to assume
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Free thermal expansion, Substrate and B4C

Heat to substrate stress free Apply ess free
1000°C B,C
Substrate @ @
Heat 10 1500°C
Stress generated in No change in stress in substrate Change in stress in substrate and
substrate and B4C and B4C. SiyN, stress free. B4C. Swess generated in SigNy

Figure 2.1: A typical problem for the analysis of a C/C substrate with coatings.

a functional form of the mechanical strain and then take its total derivative. This approach
is commonly used in literature [24-26, 30, 74] to include plasticity or creep in the analysis.
If this approach is used in an analysis, then small temperature steps may be required to
obtain accurate results. In the second approach the incremental equations are obtained by
taking the difference of the stress states at two different temperatures. This approach yields
exact increments independent of the size of the temperature step. However, it is valid only
for linear elastic material behavior. In Appendix B the different approaches are compared

for a simple example.

2.1.1 Incremental Constitutive Equations Based on Functional Form of
Mechanical Strain

This approach is presented for the sake of comparison. It is the most common approach
used in literature to formulate incremental constitutive equations. Usually it is used in
connection with plasticity or creep. While this approach can also be used for linear elastic
materials only, as discussed in this section, the second approach for the derivation of the

incremental constitutive equations described in the next section is better suited for linear
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elastic materials.
The assumed form of the mechanical strain for temperature-dependent linear elasticity

is
6ij = € (0va, T, Crab (1)), (2.1)

where 0y, is the total stress vector, T is the temperature, and Cj,},(T) = Systu(T) is the
inverse of the temperature-dependent stiffness tensor, or alternatively, the temperature-

dependent compliance tensor. Taking the total differential yields

A 66‘..‘7‘ ae‘j 35,-,- asratu
dei; = B0k doy + T daT + 35, 0T

dT. (2.2)

Noting that €;; = S;jxow and defining the coefficient of thermal expansion to be

aij(T) = %f%’ (2.3)
eq. (2.2) may be written as
deij = Sijndor + a;;dT + akz—a%dT. (2.4)
Equation (2.4) can be premultiplied by C;;,s and rearranged to obtain
dovs = Cijrs (dfij - aidT — ag;’;“ kadT) : (2.5)
In incremental form this can be approximated by
Aoij = Ciju (Aekz — apnAT - 6.;;,, UnAT) , (2.6)

where, compared to eq. (2.5), the indices have been switched as rs — ij, ij — kl, and ki —
rs. The last term in eq. (2.6) is the coupling term that is not present in the temperature-
independent analysis.

A few remarks should be made regarding this derivation of the incremental constitutive
equations. The advantage of this derivation is that, as shown by Hsu [30], this derivation can
be extended to include plasticity and creep. One disadvantage is that when the infinitesimal
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form of the constitutive equations, eq.(2.5), is approximated by the incremental form,
eq. (2.6), it is not obvious at which temperature the material properties should be evaluated.
That is, it is not clear if the properties should be evaluated at the beginning, center, end,
or some other point in the temperature increment. Therefore, small temperature steps may

have to be used to ensure accurate results.

2.1.2 Incremental Constitutive Equations Based on Difference in Stress

States

The following derivation is only valid for linear elastic materials because the linear elastic

constitutive equations

0i;(T) = Cyj(T) (sz(T) - fi’?(T)) (2.7

are used. The incremental stress is defined as the difference between the stress states at

two different temperatures, i.e.,
Aoi; = 0i(Tw) — 0i;(Ta-1), (2.8)

where T;,_; and T, indicate the beginning and the end of the temperature increment,

respectively, and where from eq. (2.7),

0ij(Ta-1) = Cijir(Tn-1) (fkl(Tn—l) - (T, —1))
0ij(Tn) = Cijui(Tn) (ekz(Tn) - ei’,‘(Tn)) . (2.9)

Thus,

Acij = Cijri(Th) (fkl(Tn) - fi’z’(Tn)) — Cijki(Ta-1) (sz(T -1) — T, _1)) .
(2.10)
Adding and subtracting Cijxi(Ty)[ext(Tn-1) — €£3(Tn-1)] and rearranging yields
Acij = Cyn(T,) [(le(Tn) — €xi(Th-1)) — (G;c’;(Tn) — (T, _1))]
+ (Cijui(Ty) = Cijit(Ta-1)) (fkl(Tn—1) — (T, —1)) . (2.11)
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Defining the incremental quantities
Ay = €g(Tn) — €x(Tn-1)
Aeth = eM(T,) — e (Tn-1) (2.12)
ACijn = Cijri(Tn) — Cijrt(Tn-1)
and substituting them into eq. (2.11) results in

Acij = Cijr(Ty) (Aekz - Ae},’,‘) + ACiju (ékj(Tn..l) - Ef,’;(T _1)) . (2.13)

Now consider the term AC;jx(€x(Tn-1) — ei’,‘ (T.-1)) in this equation. Using the inverse of

the constitutive equation, i.e.,
Skirs(Tn-1)0rs(Tn-1) = €x1(Tn-1) = €4 (Tn-1), (2.14)
it can be shown that
ACijki(eni(Ta-1) — €i(Ta-1)) = ACijuSkirs(Ta-1)0rs(Tn-1)
= [Cijri(Tn) = Cijkt(Tu=1)]Skirs (Tn-1) 0rs(Tn-1)
= [Cijri(Ta) — Cijmn(Tn)Smnpg(Tn)Cpgki(Tn-1))Skirs(Tn-1)0rs(Tn-1)
= Cijki(Tn)Skirs(Tn-1)0rs(Tn-1)
—Cijki(T7) Skipg (T ) Cogmn (Tn—-1)Smnrs(Tn—-1)0rs (Tn-1)
= Cijki(Tn)[Skirs(Tn-1) — Skipg(Tn)Cpgmn(Ta-1)Smnrs(Ta-1)]0rs(Tn-1)
= Cijkt(Tn)[Skirs(Tn-1) — Skipg(Tn)dprdgslors(Tn-1)
= Cijki(Tn)[Skirs(Tn-1) — Skirs(Tn)]ors(Tn-1)
= —Cijit(Tn)ASkirsOrs(Tn-1) (2.15)
where the incremental compliance tensor is defined as
ASijkt = Sijt(Tn) — Sijkt(Ta-1)- (2.16)

Substituting eq. (2.15) into eq. (2.13) yields the final form of the incremental constitutive

equations for a linear thermoelastic material with temperature-dependent properties as

Aoy = ijkI(Tn) [Aekz - Aei’,‘ — ASkirs0rs(T, _1)] . (2.17)
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No approximations have been used in this derivation. Therefore, the incremental stress is
exact within the framework of linear thermoelasticity and independent of the size of the
temperature increment. This, of course, presumes that the material properties, including the
thermal strains, are known functions of temperature. If, as is often the case, the coefficients
of thermal expansion and not the thermal strains are given as functions of temperature,
thermal strains can be obtained from the coefficients of thermal expansion by integrating
the coefficients of thermal expansion as

T = /T a;;(T)dr (2.18)
Y Tref v ) )

The form of the incremental constitutive equations for a linear elastic material with
temperature-dependent material properties given in eq. (2.17) was used in the derivation of
the analysis models in the present study.

If the partial derivative in eq. (2.6) is replaced by a difference approximation to the
derivative, i.e.,

3Sijm _ Sijk(Tn) = Sijit(Ta-1)
aT‘ = Tn - Tn_l ’

(2.19)

equivalence between the first approach and the second approaches can be established. Note
also that the exact increment in the thermal strain vector in the second approach, Aei’,‘, is

approximated by a; AT in the first approach.

2.2 Incremental Finite Element Model

A generalized plane-strain finite element model for the analysis of coatings on C/C com-
posites is derived in this section. The model accounts for temperature-dependent material
properties, gradient coatings, and allows for application of coatings at different tempera-
tures.

Variational principles are used to derive the finite element equations. First, a gen-
eral expression is derived for the variation of the incremental total potential energy. This

expression is then modified to include the generalized plane-strain assumptions.
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The total potential energy including thermal effects is given by Washizu [75] as

II= %///Cijkl (€ij—265?)€k1dV—///Bg‘u¢'dV—//T;-uidS, (2.20)
\ % V) 5

where B; and T; are the body forces and surface tractions, respectively. In eq.(2.20) all
quantities can be functions of temperature. To obtain an expression for the incremental
total potential energy, a similar approach as described in Section 2.1.2 for the derivation of
the incremental constitutive equations is taken. Here the incremental total potential energy

is defined as the difference in the total potential energies at temperatures T,,_; and T,,, i.e.,
1
ATl = UT,) — I(To1) =5 [[[ [ComTa)eii(To) - 268 (Ta))ew(T)
v
~Cijkt(Tn-1)(€ij(Tn-1) — 2€ir (Tn—1)ex(T, —1)] av
- /v/ [ BT - BEDu@av o

= [[@@aylT) - T Ta-)ui(Ta-1)) S,
$1

The variation of the increment in the total potential energy then becomes

SATL =0 = §TU(Ty) - NTo-1) = [ [Cian(To) eis(T) ~ b(T))beu(T)
v
—Cijki(Ta-1)(€ij(Tn-1) — ff;’(Tn—l))fssz(Tn—l)] av

- / / / (Bi(Tn)8ui(Tn) — Bi(Tn—1)6ui(Ta—1)) dV
\%

(2.22)
— [[@@)6u(Tn) - T(Tam)bus(Ta1)) d5.
5
If the surface tractions in eq. (2.22) are written as
T:(Ty) = aij(Ti)vj, k=n—-1n (2.23)

where v; are the direction cosines of the normals to the surfaces, and Gauss’ theorem and

the equilibrium equations

05,5 (Tk) + Bi(Tk) =0, k=n-1mn (2.24)
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are used, then eq. (2.22) can be rewritten in terms of the incremental quantities introduced

in the previous setions as
sa1=0 = [[[[Ciim(Tn) (Bets = Aefh = ASury 0vo(Tn-1)) Ehei; — AB; 8w] @V
v
- // AT v; dAu;dS (2.25)
S

where AB; and Ag;; are defined as

AB; = Bi(T,) — Bi(Ta-1)
AGij = 6ij(Tn) — 5ij(Tn-1)-

(2.26)

Upon substitution of the incremental constitutive law (eq.(2.17)) into eq. (2.25) the final

form of the variation of the incremental total potential energy is obtained as

SATI =0 = / / / (Acy; 6Aei; — AB; dAu] dV — / / A5 v; BAu; dS.
v 5

(2:27)

The assumptions of the generalized plane-strain theory as discussed by Lekhnitskii [42]
and implemented into a temperature-independent finite element analysis by Avery and
Herakovich [8] are used in the present derivation. A Cartesian coordinate system z,y, z
is assumed. As shown in Fig. 2.2, the z-axis is parallel to the generators of the body,
and consequently the zy-plane is coincident with any cross section of the body. In the
generalized plane-strain theory it is assumed that six components of strain are independent
of one coordinate, in this case the z-coordinate. Further, all properties and boundary
conditions are assumed independent of the z-coordinate. The primary unknowns in this
theory are the inplane displacements u and v, and the axial strain €,. As a consequence
of the assumption that the strains, and through the constitutive laws, the stresses are
independent of z, €, is also independent of z and y. Because of material orthotropy for the
present problem, the shear strains 7., and 7y, can be shown to be zero. If body forces and

surface tractions are assumed to be zero, the variation of the incremental total potential
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Figure 2.2: Coordinate system for the generalized plane-strain theory.

energy for the generalized plane-strain theory can be written as

SATI=0= / / (Acs 60es + Ay B¢y + AT, 6Ae; + ATyy 5A75,) dA — AF, 6A¢,.
Az (2.28)

Here AF, is the axial force increment. To simplify the notation, in the following it is
assumed that the components of the stiffness tensor are evaluated at T,,, i.e., Cjjx refers to
Cijki(Tn). The incremental stress-strain law for the generalized plane-strain theory can be

written as, using contracted notation,

4 3 [ - - = h 4 Y

Ao, Cu Ci2 Ciz Cis Aez — Ael
A Ci2 Cn Cx C Ae, — AT

R U el P S A (2.29)
Ao, Ciz3 Cy C33 Csg Ae, — Aez

| ATzy | ] Cie Cx C3s Ces By — A'Yzy J
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where

ACZ; = AG:.h + Agu or + A§12 ay + Agls o+ ASIG Ty

Ae; = Ae;h + AS120, + ASo oy + ASo30, + ASog Tzy

Aez‘ = Aef._h + ASi30. + ASa3 oy + AS330, + AS3 Try (2.30)
A’)’Iy = A’)‘;’; + AS1602 + ASog oy + AS3s0, + ASe Tzy,

and where C_’;_,- and 5',-_,- are the transformed stiffnesses and compliances, respectively. The

transformations are given in Appendix C. The incremental strain-displacement relations

are
OAu OAv
Aez = oz Aey = Oy
OAw OAu OAv
Ae, = % = const. Ay = By + F (2.31)

Substitution of eq. (2.29) and eq. (2.31) into eq. (2.28), and carrying out the steps to derive
the finite element equations as described, for example, by Reddy [61], results in the following

finite element equations:
[KOD]  [K02] (K09} {Au} {aFt}

[KCY]  [K®)] (K@)} {Av} p =4 {AF@} }, (2.32)
{KOD} (K062} KB Ae, AF®)
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where
kY
Ki(;z) _ KJ(?I)
KO = K@
K2
K,-m) _ K‘_(az)
K@)

AFD

AF?

AF®

Ay

J/

Azy

JI1

Ji
f

A,

/ CasdA

//[ 1Ae +012A€ +013A€ +CIGA’Y,,-1,)

Azy

)
// [ sAe +C'26A€ +C36A6 +C'66A‘7zy)
)

+ (C_'12A€I + C—'zerz + C'ngEZ + C_'QGA')‘;{y

// (6’11% + Cie &ayljj)
(Cl2a¢

023% + Cag—

% |
Oz
A
ay+C1a)a

C’la% + 6'35%] dA

(%

=~ OY;\ O;
2 +C”a_;)?a?

i

o ]dA

(¢
+ (CieA€l + CosAel + CsAeT + Cos AT,
(@

+(C i} +Cs 6%)&14]

o cut) B
(eupeca) B

ay o oz

(2.33)

] dA

°’I$ é’lg °’|§

L

/ / (CisAe + Case] + CaaAeT + CastAT,) dA + AF,

Azy

The K;; are the element stiffnesses and the AF; are the equivalent element load vectors.

These finite element equations are valid for any incremental generalized plane-strain problem

within the framework of the stated assumptions. The implementation of these equations,

however, is specific to the problem described in the introduction to this chapter. Details of

the implementation are given in Appendix D.
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2.3 Summary

In this chapter two derivations of incremental constitutive equations for temperature-depen-
dent analyses were presented. One derivation is more general and to some degree classical,
while the other derivation has advantages for the limitation of linear elastic behavior. While
the second approach is used here, the first approach was shown to provide a comparison.
The incremental generalized plane-strain finite element model derived in this chapter is
based on the incremental constitutive equations obtained using the second derivation.

In the next chapter several simplified analysis tools based on the second approach are

developed. These simpler tools will be used for verification purposes.



Chapter 3

Simplified Analytical Solutions

In this chapter two simplified analytical solutions are presented. Both of these analyses
are used to verify the finite element model. The first analysis is an incremental simplified
plane-stress analysis and the second is an incremental axisymmetric elasticity solution. The
incremental simplified plane-stress analysis could be used to predict stresses in infinitely
wide composites or away from discontinuities. In the present problem this analysis is used
to predict stresses away from the corner. The axisymmetric elasticity solution could also
be used for the micromechanical analyses of coatings on fibers for temperature-dependent

material properties.

3.1 Incremental Simplified Plane-Stress Analysis

According to St. Venant’s principle, geometric discontinuities should affect stresses only
locally. Away from geometric discontinuities, the stresses should not be influenced by the
discontinuity. In the present problem the corner of the substrate with coatings represents
such a discontinuity. Therefore, away from the corner the stress distributions should not
be influenced by the corner. The composite without the corner resembles an infinite “lam-
inated” plate, and therefore a plane-stress analysis can be used for stress calculations.

Because of the temperature-dependent material properties and the adding of coatings at

32
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different temperatures, an incremental analysis has to be used. The derivation of the incre-
mental simplified plane-stress analysis, hereafter denoted as ISPSA, follows the same steps
as discussed by Jones [33] in the derivation of the classical lamination theory. The results
obtained using the classical lamination theory as described by Jones will be denoted as CLT
solutions. Note, however, that the coordinate system in the present derivation is differently
oriented from the one used by Jones. The differently oriented coordinate system is used so
that both the derivation of the incremental finite element model as discussed in Section 2.2
and the ISPSA use the same coordinate system, namely that of Fig. 2.2 on page 28. In the
ISPSA it is assumed that the through-the-thickness, or transverse, stresses oy, Ty, and 7y,
are zero, and that the y-z and y-x cross sections remain planar after deformation. Further,
in the present derivation only inplane deformations of symmetric laminates with orthotropic
substrates and coatings are considered. With these assumptions, the incremental constitu-
tive equations (2.17) for the n-th temperature increment of the k-th material layer reduce

to

k k
"Acz | _ |Qu Q3| |"Ae; — Al — A8 o, — "AS1" o, 3.1)
"Ac, Qi3 Qs3| |"Aey —"Aeth —"AS13" Yo, — "AS3" o,

k

where Q,-j are the reduced transformed laminate stiffnesses evaluated at T,. The stresses
n—ls, and "o, are the residual stresses that were calculated at T,_;. Here T}, is the
temperature at the end of the n-th temperature increment and T;,_; is the temperature at
the beginning of this temperature increment. To obtain the incremental force resultants,

eq. (3.1) is integrated through the thickness, h, of the composite. These incremental force
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resultants are
"AN, / "Ao, g
= 1]
PAN, r | "o,

/ Qu Qs "Ae,
= - _ dy
r |Q13 Q33 "Ae,

/ Qu Qus| |"Aeh — A8, o, — "AS 13" o, (3.2)
— _ _ dy .
r |@13 Qs3| |"Aeth — "AS13* o, — "AS33" o,
An Aiz| | Ae. ANT
A1z Azz| | Ae; ANT
where
A = | Qijdy (3.3)
h
and
ANT = /;. Qi (A - ASjr0,) dy (3.4)

are the laminate stiffness matrix and the incremental equivalent resultant thermal force
vector, respectively. Because in the present problem the solution for a temperature change
as opposed to the solution for applied loads is sought, the incremental resultants AN, and
AN, are set to zero in order to solve eq.(3.2) for the incremental strains Ae, and Ae,.
Once the strains are determined, the incremental stresses can be obtained form eq. (3.1). It
should be noted that this formulation of the ISPSA allows for the application of coatings at
different temperatures and for gradient coatings. The solution procedure follows the same

basic steps as outlined in Appendix D for the finite element analysis.
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3.2 Incremental Analysis of an Isotropic Axisymmetric In-

finitely Long Cylinder

In this section an incremental elasticity solution for an axisymmetric isotropic cylinder
of infinite length in the z-direction of Fig. 2.2 is derived. The derivation accounts for
temperature-dependent material properties and allows for adding of coatings to the sub-
strate at different temperatures. The incremental constitutive equations for the n-th tem-
perature increment for the k-th material layer of an isotropic cylinder can be written in

cylindrical coordinates as

k k
"Ao.(r) Cnn Ci2 Cr2

"Aog(r) ¢ = [C12 Cn1 Chr2
"Ag.(r) Ci2 Ci2 Cn

"Ae, — "Aeth — TAS) " 1o, (r) — "AS12 ("~ loe(r) + "o (7))
"Aep — "Aet* — "AS 1" op(r) = "AS12 ("o, (r) + "o, (r)) (3.5)
"Ae, — "Aeth — "AS)," 1o, (r) — "AS12 ("o () + " log(r))

where the C;; are evaluated at T, and o,, g, and o, were calculated at T,_;. The incre-

mental strain-displacement equations are

dr k nA .k
"Aek = 2_“ "Aek = Bu "Ae, = const. (3.6)
and the incremental equilibrium equation is
d® k A k _ nA Lk
Aoy Aoy =A% _, (3.7)

dr T
Substitution of egs. (3.5) and (3.6) into eq. (3.7) results in the governing equation in terms
of the incremental displacements for an isotropic axisymmetric cylinder, namely,
d2("Auk) + 1d("Aur) Ak
dr? r dr r2

n—1_k n—-1k __n-1_k n—-1_k
= (nASI2+CIZnAS )(d( 100)+ 100— l0'1' +d( laz))

Ck dr r dr

d n——lak d n—]o,k d n——]Uk
+Cf2nASf2( ( =+ r) + ( = 0) + ( - z)) .

(3.8)
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The general solution of this equation is

k A} k k
"Au®(r) = - + "Agr + "Aug(r), (3.9)

where "Au';(r) is the particular solution.
For a cylinder consisting of N layers there are 2N + 1 unknowns. These are the coeffi-
cients "A% and "A% for each layer and the incremental axial strain Ae,. To solve for these

unknowns, 2N + 1 boundary and continuity conditions are needed. These conditions are:

e Finite incremental radial displacement at the center of the solid cylinder

. 1 pss
11.1_12)1(1)"11 = finite. (3.10)

e Zero incremental radial stress at the outer surface

"AcN(r =R) =0. (3.11)

Continuity of the incremental radial stresses at the layer interfaces

"Ack(ri) ="Ack*(ry) k=1,N-1 (3.12)

Continuity of the incremental radial displacements at the layer interfaces
"Auk(rg) = "Aukt(ry) k=1,n-1. (3.13)
e Zero increment in the axial resultant force

R N Tk
"AN,=0=2x / "Nordr=213 / "Agkr dr. (3.14)
0 k=1"YTk-1

These boundary and continuity conditions can be used to form a system of 2N +1 algebraic
equations for the 2N + 1 unknowns of the problem. Once this system of equations is solved,

the incremental displacements, strains, and stresses for the n-th increment can be calculated



37

CHAPTER 3. SIMPLIFIED ANALYTICAL SOLUTIONS

from egs. (3.5), (3.6), and (3.9). The total quantities can then be obtained from egs. (3.15)

as

r;uk = n—-],uk + nAuk
mek = mlek 4 nAEk "eh = "lek + "Aes ek = nlek LAk (3.15)
"ok = "~lgk 4 "Agk "of =""lof +"Ac§ "ok = nlgk 4 "AGk.

It can be shown that if zero initial conditions are chosen, i.e., oaf = 005 = oaf = (,

then the right hand side of eq. (3.8) is zero for all increments and therefore the particular
solution is “Au’; = 0 for all n. For the right hand side of eq. (3.8) to be zero it is necessary

that
d("lok) el —n-lk  g(rloh)\
( e . + = =0 (3.16)
d(" %)  d(*f)  d(*bk)\ _
( =+ dr" + = =0. (3.17)

Obviously this is satisfied for the first increment, n = 1, for which %* = 005 %k = 0.

Thus, the solution for the first increment is

lAk
AuF(r) = -r—‘ +145r (3.18)
lAk lAk
Nk (r) = —-T-zi +14% Neb(r) = r—; + 145 (3.19)
lAk
ack = (cky — Ck) =+ (ck +chy) 145 + Chlae. — (Ch +2C%) 'ae™
(3.20)
1A K k i k k\1ak , k1 k k) 1A th
Aao = (Cll - 012) ﬁ' + (Cu + 012) A2 + Cl2 Aez - (Cn + 2012) Ae
(3.21)

'Ack = 20%, 45 + Cin'e, — (Ch +2C%) "aet. (3.22)
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The total stresses after the first increment are

ok = %% + a0k = A0k (3.23)

Note that the derivative of the axial stress with respect to the radial coordinate r is zero,
ie.,

k
d:f =0, (3.24)

To show that the right hand side of eq.(3.8) is zero for all n, it is first stipulated that
egs. (3.16) - (3.17) hold for the n-th increment, i.e., it is assumed that

n— Ic n-1.k __n-1.k n—-1_k
dr r dr
d(*of)  d(*"bf)  d("bh)) _
( o + p + I = 0. (3.26)
Then, the solution for the n-th increment is

n Ak

"Auk(r) = = +"Akr (3.27)
n nak
"Aek(r) = __;42_1 + Ak "Aek(r) = i + Ak (3.28)
nAO’,’f = (012 e C{‘I) (Cll + sz) nAg + C{c2nA€z - (Cfl + 2Cf2) nAGth

- chrast" ok - (clrash, + chrash) ("ok +ok)

— Chrast, (2ot + Yok +77k)  (3.29)

A ok = Ck _ Clc ﬁ Ck Ck nAk Ck TAe. — Ck 2ck nA th
O 11 12) 72 + (€11 +Cq2) "As + C1p Ae; 11 +2C2 €
— CH"AST, " lo§ - (CflnAsz + sznAS{‘l) ("_laf + "_laf)

— Chrast, (ot + 27 ok + 7 k) (3.30)
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"Ack = 208,"45 + Cui"e, — (CF + 20h) "Ae
- Chrash™lot — (Chrash + chrash) (ot +77of)
bl CfgnAsz (“_laf + "_105 + 2"_10'5) (331)
and the total stresses are
"a,’.‘ = "_la,'.‘ + "Aaf
"05 = "'105 + “Aa,’,‘ (3.32)
n_k
z

= “"laf -+ "Aof.

By substitution it can be shown that the equations

d("ag,e "af —ngk  d("0k) _
( I + - + I =0 (3.33)
d("f) | d(g)  d(%)\ _
( dr + dr + dr =0 (3.34)

are satisfied by the stresses in eq. (3.32) and therefore the right hand side for the (n+1)-th
increment is zero.

In summary, it has been shown that if the right hand side for the n-th increment is
zero, then the right hand side for the (n + 1)-th increment is zero. Further, the right
hand side for the 1-st increment is zero. Thus, by induction the right hand side is zero
for all n. The solution to the governing eq. (3.8) for all increments n is therefore given by
egs. (3.27) - (3.32).

The solution procedure to a problem in which several coatings are added to a substrate
at different temperatures and stresses are then calculated at prescribed temperatures is
described in the following. The free thermal expansion of the substrate is only included for
completeness in case the free thermal strains in the substrate are of interest. No stresses

are generated in the substrate during the free thermal expansion.

1. Free thermal expansion of the substrate to the application temperature of the first

coating, 1.
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(a) Evaluate the material properties of the substrate at its stress- and strain-free

temperature, Tp, and at the application temperature of the first coating, T}.

(b) Evaluate the stiffnesses C;;(T1), the incremental compliances 'AS;;, and incre-
mental thermal strains !Aeth.

(c) Evaluate egs. (3.27) - (3.31), apply the boundary and continuity conditions (3.10)
- (3.14), and solve for the unknowns, 'A%, 145 and !Ac,.

(d) Due to the free thermal expansion of the substrate, the incremental stresses are
zero. Thus, updating the total stresses using eq.(3.32) again results in zero
stresses, i.e., 102 =0, ]vag =0, and 102 = (, where the superscript zero refers to
the substrate.

(e) Store material properties of the substrate at the application temperature of the
first coating, T}, calculate and store material properties of the first coating at

this temperature.

At T} the first coating is added to the substrate. It is assumed that this coating
is stress free when it is added, thus the residual stresses are o} = 0, 10’} = 0, and
151 = 0. If another coating is to be added to the substrate and the first coating,
continue with step 2. If stresses in the substrate and the first coating at some other

temperature are of interest, continue with step 3.
2. Adding the m-th coating, m > 2.

(a) Calculate the material properties for substrate and applied coatings at the ap-

plication temperature for the m-th coating, T,.

(b) Evaluate the stiffnesses Cj;(Tm), the incremental compliances ™AS;;, and incre-

mental thermal strains ™Aeth.

(c) Evaluate egs. (3.27) - (3.31), apply the boundary and continuity conditions (3.10)
- (3.14), and solve for the unknowns, ™A%, ™A%, and ™Ae..

(d) Update the total stresses using eq. (3.32).
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(e) Store material properties of the substrate and the m — 1 applied coatings at the
application temperature of the m-th coating, Ty, calculate and store material
properties of the m-th coating at this temperature, and store the calculated

stresses.

At T}, the m-th coating is added to the substrate and the m — 1 applied coatings. It
is assumed that this coating is stress free when it is added, thus the residual stresses
are "o" = 0, Moy® = 0, and "o* = 0. If another coating is to be added to the
substrate and the applied coatings, go back to step 2. If stresses in the substrate and

all coatings at some other temperature are of interest, continue with step 3.
3. Analysis at prescribed temperatures, Tj,.
(a) Calculate the material properties for substrate and all coatings at the analysis

temperature, T,.

(b) Evaluate the stiffnesses at T, the incremental compliances, and incremental

thermal strains.

(c) Evaluate egs. (3.27) - (3.31), apply the boundary and continuity conditions (3.10)
- (3.14), and solve for the unknowns.

(d) Update the total stresses using eq. (3.32).
(e) Save material properties of the substrate and all coatings and the calculated
stresses. Qutput the calculated stresses and strains.

To calculate stresses at another temperature, go back to step 3.

This procedure has been implemented in Mathematica [5]. The temperature-dependent

material properties are evaluated as described in Appendix D.2.
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3.3 Summary
Two simplified analysis tools have been developed in this chapter. These tools will be used

to verify the more complex incremental finite element analysis used in the majority of the

work.



Chapter 4

Verification of the Solutions

An extensive number of test cases were conducted to verify the solutions for the ISPSA,
the incremental axisymmetric elasticity solution, and the finite element model. Both the
ISPSA and the incremental axisymmetric elasticity solution were used to verify the finite
element program. Therefore the verification of these models is discussed first.

4.1 Verification of the Incremental Simplified Plane-Stress
Analysis

The tests that were used to verify the ISPSA are shown in Table 4.1. The tests are listed
in order of increasing complexity. The column “Add Coatings” in the table indicates if
coatings were added at different temperatures (“yes”) or if all coatings were applied at the
same temperature (“no”). For analyses with temperature-independent material properties
(labeled “TT” in Table 4.1), the incremental constitutive equations eq. (2.17) do not depend
on existing residual stresses in the composite. This significantly simplifies the ISPSA. A
description of the five tests is given below. For brevity, the results for most cases are only

stated and not shown.
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Table 4.1: Test cases to verify the ISPSA.

. Add Gradient

Test | Properties™ Coatings | Coating
1 T1 No No
2 TI Yes No
3 TI No Yes
4 TD No No
5 TD Yes Yes

2TI denotes temperature-independent
material properties and TD denotes
temperature-dependent material proper-
ties.

Test 1 For temperature-independent material properties, if all coatings are applied to the
substrate at the same temperature, only one incremental analysis step for the temper-
ature increment from the application temperature of the coatings to the prescribed
analysis temperature is necessary. Therefore, for this case the ISPSA is identical to
the CLT. Results obtained from the ISPSA and a CLT analysis were identical.

Test 2 For temperature-independent material properties, but with coatings being added
at different temperatures, strains and stresses in the composite can be obtained by
superposition of several CLT analyses. For each coating that is applied, a CLT analysis
for the temperature increment from the application temperature of the previously
applied coating to the application temperature of the new coating needs to be carried
out. Results obtained using this superposition of CLT analyses were compared to
results obtained using the ISPSA. Results were found to be identical.

Test 3 Several ISPSA analyses in which the gradient layer was replaced by an increasing
number of progressively different constant-property layers were compared to a single
ISPSA analysis with a gradient layer. In Fig. 4.1 it is shown that stresses calculated
for an increasing number of progressively different constant-property layers converge

to stresses calculated using the ISPSA with a single gradient layer. Only the o, stress
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Figure 4.1: Convergence of stress calculated using the ISPSA with an increasing number of
progressively different constant-property layers to stress calculated using the ISPSA with a
single gradient layer.

component is shown for illustrative purposes.

Test 4 If material properties depend on temperature but all coatings are added to the
substrate at the same temperature, then all coatings have the same stress- and strain-
free temperature, T;..y. A CLT analysis can still be used to calculate stresses at given
analysis temperatures, T;,. The input data for the CLT in this case consists of the
temperature increment AT = T, — T, the moduli and the Poisson ratio evaluated at
the analysis temperature T, and the coefficients of thermal expansion averaged over
the temperature interval. The coefficients of thermal expansion need to be averaged
over the temperature increment so that the same thermal strains are used in the CLT
analysis as in the ISPSA. For each analysis temperature of interest, a separate CLT

analysis needs to be conducted. Stresses calculated at several temperatures using
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Table 4.2: Test cases to verify the incre-
mental axisymmetric elasticity solution.

Add Gradient
Coatings | Coating

Test | Properties®

1 TI No No
2 TI Yes No
3 TD No No

2T]1 denotes temperature-independent
material properties and TD denotes
temperature-dependent material proper-
ties. For brevity, the results for the test
cases are only stated and not shown.

several CLT analyses were compared to stresses calculated using the ISPSA with
temperature-dependent input data. Stresses from both analyses were found to be

identical.

Test 5 Temperature-dependent results obtained using the ISPSA with a gradient coating
and two additional constant-property coatings applied at different temperatures were
compared to results obtained using several ISPSA analyses in which the gradient coat-
ing was replaced by an increasing number of constant-property layers with progres-
sively different material properties. Results for an increasing number of progressively

different constant-property layers converged to results for a gradient coating.

4.2 Test Cases to Verify the Incremental Axisymmetric Elas-
ticity Solution

The test matrix for the verification of the incremental axisymmetric elasticity solution is

given in Table 4.2.

Test 1 As discussed before, if temperature-independent properties are considered and all

coatings are added at the same temperature, the incremental solution simplifies sig-
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nificantly. In the case of the axisymmetric cylinder problem, the incremental solution
reduces to a standard temperature-independent axisymmetric elasticity solution as
described for example by Mikata and Toya [51]. Results calculated using the cur-
rent program for the incremental axisymmetric elasticity solution for a cylinder with
temperature-independent material properties and all coatings added at the same tem-
perature were compared to results calculated from the standard axisymmetric elastic-

ity solution. Identical results were obtained.

Test 2 Similar to the procedure described in Test 2 for the ISPSA, for temperature-
independent material properties and coatings added at different temperatures, super-
position of standard axisymmetric elasticity analyses for each temperature increment
can be used to calculate results. Again, results obtained using the current incremental
model were identical to results obtained using superposition of standard axisymmetric

elasticity analyses.

Test 3 The incremental axisymmetric elasticity solution was verified for temperature-depen-
dent material properties by comparing results from this analysis to results obtained
from several standard axisymmetric elasticity solutions with properties evaluated at
the analysis temperatures and with an averaged coefficient of thermal expansion. The
coefficient of thermal expansion was averaged over the temperature interval so that
the same thermal strains were used in the standard axisymmetric elasticity solution
as in the incremental axisymmetric elasticity solution. Results obtained from both

analyses at prescribed temperatures were identical.

4.3 Verification of the Finite Element Model

A substantial number of tests was conducted to verify the finite element model. These in-
cluded, among others, a comparison to a ABAQUS [4] model for temperature-independent

material properties, a comparison to the the ISPSA, and several comparisons to the incre-
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mental axisymmetric elasticity solutions. All tests are described in the following sections.

4.3.1 Comparison tb ABAQUS

Results for a substrate with two coatings applied at the same temperature and temperature-
independent material properties obtained using ABAQUS and the finite element program

were compared. Identical meshes were used for both programs. Agreement was excellent.

4.3.2 Comparison to Axisymmetric Elasticity Solutions
4.3.2.1 Comparison to the Incremental Axisymmetric Elasticity Solution

In all of the tests described in this section, a quarter cylinder was modeled with the finite
element program. Though for an axisymmetric analysis modeling any portion of the cylinder
would lead to identical results, a quarter cylinder was used because the boundary conditions
producing axisymmetric conditions are easiest to apply for such a model. Also, as will be
seen, a quarter cylinder model resembles the corner in the problem studied here, i.e., the
corner of Fig. 1.3 on page 16 (see ahead to Fig. 5.2 on page 62). A quarter cylinder mesh and
the symmetry boundary conditions are shown in Fig. 4.2. The geometry, coating sequence,
and coordinate system for the quarter cylinder model used in test 4 are shown in Fig. 4.3.
For tests 1 - 3, the gradient coating shown in the figure was not present. The gray filled
region in the model indicates the gradient coating region. The radial coordinate r is zero
at the center of the cylinder and increases towards the outer surface. The test cases are

summarized in Table 4.3. Below is a short description of the individual tests:

Test 1 Results obtained using the incremental axisymmetric elasticity solution and the
finite element model for an axisymmetric cylinder with temperature-independent ma-
terial properties and coatings being added at different temperatures were compared.

Agreement between the results was excellent.

Test 2 An axisymmetric cylinder with temperature-dependent material properties, but all

coatings applied at the same temperature, was analyzed at different temperatures
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Figure 4.2: Finite element mesh and symmetry boundary conditions for the quarter cylinder
model used in the verification of the finite element program.
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Figure 4.3: Geometry of the quarter cylinder model.
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Table 4.3: Test cases for comparison of fi-
nite element results to the axisymmetric
elasticity solution.

. o Add Gradient

Test | Properties Coatings | Coating
1 TI Yes No
2 TD No No
3 TD Yes No
4 TD Yes Yes

2TI denotes temperature-independent
material properties and TD denotes
temperature-dependent material proper-

ties.

using the incremental axisymmetric elasticity solution and the finite element model.

Agreement between both solutions was excellent.

Test 3 The results from the finite element model and the incremental axisymmetric elastic-
ity solution were compared for an axisymmetric cylinder with temperature-dependent

material properties to which coatings were added at different temperatures. Excellent

agreement was found between the two solutions.

Test 4 Because the incremental axisymmetric elasticity solution of Section 3.2 cannot han-
dle gradient layers, it was checked whether or not the finite element solution with a
gradient layer compared favorably with the solution the elasticity approach with an
increasing number of progressive constant-property layers was converging to. As can

be seen in Fig. 4.4 in which results for an analysis temperature of 1500°C are shown,

the comparison is favorable.

Thus, from tests 1 - 4, it can be concluded that the gradient layer implementation in the

finite element model is correct for temperature-dependent properties and for adding coatings

at different temperatures.
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Figure 4.4: Comparison of the stresses calculated using the finite element program with a
gradient layer (FEM) to stresses calculated using the incremental axisymmetric elasticity
solution with 1, 2, 4, and 8 progressive constant-property layers (Elasticity).
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4.3.2.2 Comparison to an Axisymmetric Elasticity Solution with a Gradient

Layer

Jayaraman and Reifsnider [32] derived a temperature-independent axisymmetric elasticity
solution for the analysis of an assembly of concentric cylinders subjected to a uniform
temperature change AT. Properties could vary according to a power law variation through
the thickness of a gradient layer. The Young’s modulus and the coefficient of thermal
expansion of this gradient layer were given as

E=P, (-:—’_)Q' a=P, (-E—)Q : (4.1)
where r; is the radius of the inner surface of the gradient layer. The general solution for
the radial displacement in the gradient layer was given as

BEP(Qy + Qc)rOt1AT

u(r) = Ar™ + Br™? - Cvr + , (4.2)
" (@2 420+ Q,Q+Qy + Q) ¥
where
2(1 — —_
my, mg = % [-Q,, + \/Q”(l V) :’SJQ” +1)+4 . (4.3)

To further verify the finite element program, results obtained using a finite element model of
a quarter cylinder and the above elasticity solution were compared for a cylinder consisting
of a substrate and three coatings. The inner and outer coating had constant properties
through the thickness. The center coating was a gradient coating with linear variation of
properties from the properties of the inner coating to the properties of the outer coating,
as illustrated in Fig. 4.3. A uniform temperature change AT was applied. The excellent

agreement of the results obtained using both solutions is illustrated in Fig. 4.5.

4.3.3 Comparison to the Incremental Simplified Plane-Stress Analysis

For wide substrates the corner should not affect stresses away from the corner. Thus,

stresses calculated using the finite element model should approach stresses calculated using



53

CHAPTER 4. VERIFICATION OF THE SOLUTIONS

0.0015

15$==#=1

! ————  Elestoly
© FEM -
0.0010 |- — 10
- B -
3 ! | !
E | |z
> X 1=
0.0005 |- 4 °©° 5 |-
[ _
- L
o.m d 1 1 1 l 1 4 1 1 I 1 1 L g 0 2 1 1 L l 1
0 1 2 3 0 1 2 3
r Imm1 r Imm}
(a) (b)
20 pr—r—T—TT—T—TT - 40 v T T .
{ = -
(o | 1 o= ;
= - .
- ° b —
- 20 | 4= ]
o ¢ [ )
g -—:‘ 20 —
& © r ]
40 - ]
B 40 ]
m [ e 1 1 1 ‘ 1 ' 1 1 I 1 s 1 1 ) _w [ 1 1 L 1 1 1 1 1 - l 1 1 2 t ]
0 1 2 3 0 1 2 3
rimmi r fmmi
() (d)

Figure 4.5: Comparison of results obtained from the finite element program and an elas-
ticity solution for a concentric cylinder assembly including a gradient layer [32): (a) radial
displacement, (b) radial stress, (c) circumferential stress, (d) axial stress.
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Figure 4.6: Convergence of the axial stress o, calculated using the finite element model to
the stress calculated using the ISPSA when moving away from the corner.

the ISPSA when moving away from the corner towards the vertical line of symmetry. In
Fig. 4.6 the stress component o, near the surface of the composite is shown as a function
of the distance from the corner for a wide substrate with two coatings applied at the same
temperature. It can be seen that when moving away from the corner, the stress calculated

using the finite element model approaches the stress calculated using the ISPSA .

4.3.4 Comparison of Finite Element Analyses

As for the axisymmetric cylinder model, for the actual geometry of interest (Fig. 1.3) it
was checked to determine if the finite element results for an approximation of gradient
coatings with an increasing number of progressively different constant-property coatings
would approach finite element results of the model with a gradient coating. In this test
temperature-dependent material properties were considered. The gradient coating was ap-

proximated by 1, 2, 4, and 8 constant-property coatings. To determine the properties of
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the constant-property layers, the gradient coating properties evaluated at the center of each
constant-property coating were assigned to the constant-property coating. The dimensions
of the substrate were taken as w,,, = 4 mm, t,4 = 1 mm, and r = 0.2 mm, and the coating
thickness was t.oq: = 0.2 mm. The material of the coating at the substrate-coating interface
was pyrolytic carbon, and the material at the free surface of the coating was SiC. The mate-
rial properties of the substrate, the pyrolytic carbon, and the SiC are given in Appendix A.
The substrate and coatings were cooled by 100°C.

In Figs. 4.7(a) - 4.7(d) the variation of the stress component ¢, through the thickness
of the coating is shown at different locations of the composite. The stresses are shown as a
function of the thickness coordinate ¢, which is zero at the free-surface of the composite and
increases as moving toward the substrate. The substrate-coating interface is at £ = 0.2 mm.
For all locations it can be seen that the stresses calculated using an increasing number of
constant-property layers approach the stresses calculated using the gradient coating. It also
can be observed that if only one constant-property layer is used to approximate a gradient
coating, not only are the maximum and minimum values of the stress in error, but also the
spatial distribution of the stress is predicted incorrectly. For example in Fig. 4.7(c), while
the gradient coating predicts the maximum stress o, at the free surface of the composite,
the approximation with one constant-property coating predicts the maximum stress at the

substrate-coating interface.

4.4 Summary

In this section the ISPSA, the incremental axisymmetric elasticity solution, and the finite
element solution were verified. It was shown that the finite element model correctly pre-
dicts stresses for temperature-dependent material properties, for gradient coatings, and for
coatings applied at different temperatures. It further was shown that an approximation of
a gradient coating by progressively different constant-property layers may predict wrong

results if only few of those layers are used.
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Figure 4.7: Stress distributions through the thickness of the coating and part of the substrate
at different locations in the substrate. At the free surface the coordinate t is zero and at
the substrate-coating interface ¢ = 0.2mm.
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In the chapters to follow, the finite element program is used to study the stresses in
coatings on C/C substrates. The character of the stress distributions and the influence of

material and geometric parameters on the stresses are explored.



Chapter 5

Temperature-Independent Results

In this chapter results from temperature-independent analyses of C/C composites with coat-
ings applied at the same temperature are presented. These analyses are used to explain
features of the stress distribution in substrate and coatings that relate to the substrate
orthotropy and the geometry of the composite. By considering the simplified temperature-
independent cases, the influence of substrate orthotropy and geometry can be studied with-
out being obscured by more complicated effects such as the temperature-dependence of
the material properties. Qualitatively, trends established in this chapter should occur in
all problems with a similar geometry. However, quantitatively they may depend on the
particular combinations of coating and substrate properties used. The parameter studies

conducted are:
e a convergence study,
e a study of the effect of the width of the substrate on the stresses,
e a study of the effect of substrate orthotropy on the stresses, and

e a study of the effect of the corner radius on the stresses.

58



59

CHAPTER 5. TEMPERATURE-INDEPENDENT RESULTS
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Figure 5.1: Modeled region of a C/C substrate with two coatings and coordinate system
for stress calculations.

5.1 Representation of the Results

A representative combination of substrate and two coatings is shown in Fig. 5.1. Because of
symmetry of geometry and material properties, only a quarter of the problem, as indicated
by the shading in Fig. 5.1, needs to be modeled with finite elements. Unless otherwise
indicated, stresses shown in figures for results are shown as a function of the tangential
s-coordinate and are transformed to a s-n-z coordinate system. As indicated in Fig. 5.1,
the s-direction is always tangential to the free surface of the composite, and the n-direction
is always normal to the free surface. The z-direction is the out-of-page, or axial, direction.
The s-coordinate is zero at the vertical line of symmetry of the composite and increases
towards the corner. It reaches its highest value at the horizontal line of symmetry. In the
discussion of results the expressions “before the corner” and “after the corner” have to be
considered in relation to the s-coordinate. In figures to follow that illustrate stresses as a
function of s, the quarter-circle region that constitutes the corner is indicated specifically.
Also, because the width of the substrate is always at least as large as the height, the term
“far-field” refers to the region of the substrate and coatings away from the corner, near the

vertical line of symmetry. The stress components of interest are the tangential stress o,



CHAPTER 5. TEMPERATURE-INDEPENDENT RESULTS

the normal stress o, the axial stress 0., and the shear stress 7,,. As mentioned previously,
the other stresses, namely 7y, and 7y, are zero. The material data used for the analyses in

this section are indicated by a * in the tables given in Appendix A.

5.2 Convergence Studies

From a comparison of typical dimensions of the substrate and coatings as given in Sec-
tion 1.4.2, it can be seen that the thickness dimension of the coatings often is only a
fraction of the thickness of the substrate. The size of the finite elements that can be used in
the analysis depends on the thickness of the coatings. To obtain a feasible problem size, i.e.,
a feasible number of finite elements, the substrate needs to be modeled with much larger
elements than the coatings. In the convergence studies it was investigated if the transition
from the small elements in the coatings to the large elements in the substrate causes con-
vergence problems. Further, in the corner region very large stress gradients occur both in
the tangential and the transverse directions. Therefore, modeling a coating with only one
element through the thickness of the coating may not yield converged results. It was also
studied how many elements should be used through the thickness of a coating to obtain
converged results.

For this study, a C/C substrate with two coatings, B4C and SigN4, both applied at
the same temperature and subjected to a 100°C temperature increase, was analyzed. The
dimensions of the substrate were wgyy, = 4mm, ts, = 1 mm, and r = 0.5mm. Because the
stress gradients were expected to be largest in the corner region, an element aspect ratio
of one was chosen in the corner region. The element aspect ratio is the length-to-thickness
ratio of a finite element. Away from the corner the element aspect ratio was increased
because the stress gradients were expected to be smaller. Convergence for three different
coating thicknesses, tcoqr = 0.05mm, teoar = 0.1 mm, and teoq: = 0.2mm was considered.
For all cases stresses were analyzed with 1, 2, 4, and 8 elements through the thickness of each

coating. In Table 5.1 the number of elements and nodes in the finite element meshes for the
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Table 5.1: Number of elements and number of nodes in the finite
element meshes used in the convergence study.

1 327 982 151447

0.05 2 818 2389 700690
) 4 2183 6354 3906551
8 6606 19365 31132498

1 146 477 50014

0.1 2 406 1223 214144
) 4 1113 3280 1143861
8 3362 9903 7304932

1 96 319 32976

0.2 2 191 616 79125
4 561 1700 350601

8 1744 5191 2043392

2The skyline is the dimension of the vector that stores the stiff-
ness matrix.

different cases are shown. The skyline column in the table indicates the necessary dimension
of the array that stores the assembled stiffness matrix in skyline form, as described by Bathe
and Wilson [9]. It can be seen that memory requirements for the cases with a finer mesh
and thin coatings may be quite substantial.

First the convergence for the case with a coating thickness of tcoer = 0.05mm is dis-
cussed. For this case the finite element meshes for 1, 2, and 4 elements through the thickness
of a coating are shown in Fig. 5.2. The mesh for 8 elements through the thickness is not
shown because the individual elements would not be recognizable in the scale the meshes are
shown. As discussed in Appendix D.1, the coatings are modeled with 8-node quadrilateral
elements. The coatings and substrate are indicated in Fig. 5.2. The transition from smaller
to larger elements always occurs in the substrate. Between the substrate-coating interface
and the triangular element transition region four rows of 8-node quadrilateral elements are
always used. Stresses in the substrate are shown along the center line of those four element

rows, i.e., along the interface between the second and third rows.
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SigN,
B,C

(a) 1 element through thickness of a coating.

SigNg
B,C

(b) 2 elements through thickness of a coating.
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Figure 5.2: Finite element meshes used in the convergence study for 1, 2, and 4 elements
through the thickness of a coating for teoqt = 0.05 mm, wsup = 4mm, t,yp = 1mm, and
r = 0.5mm.
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In Figs. 5.3 - 5.6 the four stress components of interest, the tangential stress o,, the
axial stress o,, the normal stress o,, and the shear stress 7,,, at the center (midlayer) of
the SigN4 coating are shown. Away from the corner all stress components are converged
for 2 elements through the thickness of a coating. In the corner region, the region where
the largest stress gradients are present, the tangential and axial stress components are also
converged for 2 elements through the thickness of a coatings. For these stress components,
the oscillations of the solution for one element through the thickness is greater in the corner
region than away from the coiner.

For the normal and shear stresses, ¢, and Ts,, 1 and 2 elements through the thickness
of a coating do not give converged stresses in the corner region. The solutions for these
cases oscillate about the solutions for 4 and 8 elements through the thickness. Almost no
difference in stresses can be observed for 4 and 8 elements through the thickness. Because
for the shear and normal stresses more elements through the thickness of a coating are
necessary to obtain converged results than for the tangential and the axial stresses, the
normal and shear stresses are the critical stress components for convergence.

To assess the dependence of the convergence on the coating thickness, the same problem
as above was analyzed for different coating thicknesses. Because the normal stress is one
of the critical stress components for the convergence, only results for the normal stress
are shown for the thicker coating cases. In Figs. 5.7 and 5.8 the stress component o, at
the center of the Si3N4 coating is shown for coating thicknesses of 0.1 mm and 0.2mm,
respectively. As for the thin 0.05 mm coatings case, the stresses are converged away from
the corner for only 2 elements through the thickness of a coating. In the corner region, 4
elements through the thickness of a coating are necessary to achieve convergence.

The influence of the transition from small to large elements in the substrate can be seen
in Fig. 5.8. Careful inspection of the stress in this figure shows that for s-coordinates before
the corner for one element through the thickness of a coating, the solution oscillates. The
number of waves in the solution corresponds to the number of the largest elements in the

substrate. This behavior cannot be observed if there is more than one element through
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Figure 5.3: Convergence of tangential stress o, in SigN4 coating for a substrate with two
0.05mm thick coatings (W = 4mm, tyyy = 1mm, r = 0.5mm).
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Figure 5.4: Convergence of axial stress o, in SigN4 coating for a substrate with two 0.05 mm
thick coatings (Wsup = 4 MM, tsyp = 1mm, r = 0.5mm).
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Figure 5.5: Convergence of normal stress o, in SigN4 coating for a substrate with two
0.05 mm thick coatings (wsup = 4mm, t4 = 1mm, r = 0.5mm).
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Figure 5.6: Convergence of shear stress 7y, in SizNy coating for a substrate with two 0.05 mm
thick coatings (wsup = 4mm, tsy = 1 mm, r = 0.5mm).
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Figure 5.7: Convergence of normal stress o, in SigN4 coating for a substrate with two
0.1 mm thick coatings (wsus = 4mm, L4y = 1mm, r = 0.5mm).
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Figure 5.8: Convergence of normal stress o, in SizN4 coating for a substrate with two
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the thickness of a coating. As mentioned before, to reduce the influence of the transition
elements on the stresses in the coatings and to prevent the oscillations, should they occur,
from propagating into the coating, the finite element mesh is always generated so that four
rows of quadrilateral elements are inserted between the inner coating and the transition

elements in the substrate. From these observations the following conclusion can be drawn:

e The normal and shear stress components in the corner region are the critical stress

components for the convergence.
e The thickness of the coatings does not significantly affect the convergence.

¢ For constant property coatings, 4 elements through the thickness of a coating give

converged results.

e For coarse finite element meshes, disturbances generated by the transition from small
to large elements in the substrate may propagate into the coatings. For finer meshes,

this transition does not adversely affect stresses in the coatings or the substrate.

For geometries that are significantly different than the ones considered in this convergence
study, more elements through the thickness of a coating may have to be used. Because
the convergence depends primarily on the magnitude of the stress gradients, the above
conclusions should also hold for temperature-dependent analyses with coatings applied at
different temperatures. Though it will not be discussed, this was indeed the case for all
temperature-dependent analysis with constant property coatings conducted in the course

of this research.

5.3 Influence of Corner Region on Stresses

To understand the influence of the corner region on the stress field in the substrate and
coatings away from the corner, a parametric study was conducted. As in the convergence

study, C/C substrates with B4C and SigN4 coatings applied at the same temperature and
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Figure 5.9: Geometry of models considered in the parametric study.

subjected to a 100°C temperature increase were analyzed. The width of the substrate, wgyb,
was varied, while the substrate thickness, corner radius, and coating thicknesses were kept
constant at teyy = 1mm, r = 0.5mm, and tjgyer = 0.1 mm, respectively. Four different
width-to-radius ratios, w,u/r = 2,4,8,and 16, were considered. What was being studied
with the four width-to-radius ratios was the St. Venant effect. For anisotropic materials,
the St. Venant effect involves both geometry and material properties. Ideally closed-form
expressions for the region of influence could be developed, but here the problem was ap-
proached numerically. The geometries of the various width models are shown in Fig. 5.9. In
the representation of the stresses, for smaller values of w,ys /7, the s-coordinate is offset so
that the corner regions of all the models map to the same s-coordinate. As an example, the
stresses in the B4C coating for the different size models are compared in Fig. 5.10. In the
discussion of the stresses, “case W2” refers to the analysis of the substrate and coating with
wWeup/T = 2, “case W4” refers to the analysis of the substrate and coating with w,,,/r = 4,
etc. The overall behavior of the stresses in the other coatings is similar to the one in the
B4C coating. Hence the following discussion equally applies to those coatings.

For all stress components, the variation of the stresses with the s-coordinate is almost

identical for cases W8 and W16. The stress components for cases W2 and W4 show a
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significant deviation from the stresses in cases W8 and W16. Away from the corner the
shear stress 7,, and the normal stress o, should vanish. From Fig. 5.10 it is apparent
that the normal stress is confined to the corner region for all cases. This stress component
diminishes rapidly when moving away from the corner. The shear stress is also predominant
in the corner region. It diminishes away from the corner, but interestingly, nowhere near as
rapidly as the transverse normal stress. It appears that for case W16, 7,, reaches its zero
far-field value about 8 to 10 radii away from the corner. For the short cases, W2 and W4,
Ten only approaches zero away from the corner because of the imposed symmetry boundary
condition of the analysis. This shows that the corner has a significant effect on stresses
in narrower substrates. For wide substrates the corner only effects the stress distribution
locally, in the region of the corner.

In Table 5.2 the far-field stresses (s = 0) in the substrate and coatings calculated using
the ISPSA are shown and compared to the far-field stresses calculated from the finite element
analysis for the different widths substrates. Recall, the ISPSA stresses correspond to an
infinitely wide composite without a corner. The stresses in composites with a finite width
and a corner should approach these stresses away from the corner. As can be seen in
Table 5.2, the far-field response for wide substrates is not effected by the corner and shows
an excellent agreement with the stresses obtained using the ISPSA. For narrower substrates,
the far-field stresses calculated using the finite element model are significantly larger than
the stresses calculated using the ISPSA.

The influence of the material properties on the effect of the corner on the stresses was
also investigated. This was done for the substrate and coating geometry with w,u4/r = 16
described in the preceding discussions. For this purpose the modulus of the inner coating,
previously the B4C coating, was varied from E = 10GPa to E = 500 GPa. The shear
modulus was varied accordingly. The other properties for the inner coating were kept at
the values indicated by a * in Table A.5. The four stress components o,, 0,, 0n, and
Ten are shown in Fig. 5.12 for the altered inner coating and in Fig. 5.13 for the SizNg4

coating. Recall, both coatings were applied at the same temperature and the temperature
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Table 5.2: Comparison of far-field stresses calculated using the finite element model for

different width models and stresses calculated using ISPSA.

Case Substrate B4C SigNy
w2 18.94 -70.77 31.12
W4 17.78 -87.54 -0.4
os [MPa] W8 13.31 -106.0 -23.11
W16 12.85 -107.1 -23.11
ISPSA 12.97 -106.8 -22.85
W2 17.68 -87.90 1.19
W4 15.60 -96.71 -11.31
o, [MPa] ws 14.21 -103.2 | -19.32
W16 13.58 -105.8 -21.05
ISPSA 12.97 -106.8 -22.85

was increased by 100°C. The stresses at the midthickness location of each coating are
shown. First consider the tangential stress o, in the altered inner coating. It can be seen
that, as expected, the stress significantly depends on the modulus of the coating. Because
for the lower moduli cases the stress is lower away from the corner, the stress in the corner
region is lower, too. Similarly, the axial stress o, also depends significantly on the modulus.
As shown in Fig. 5.13, the trend is reversed in the SigN4 coating. For a lower modulus in
the inner coating, the tangential and axial stresses are higher in the SigNy4 coating. If the
modulus of the inner coating is reduced, then the average stiffness of all coatings combined
is reduced, and therefore the substrate can more freely deform. This added deformation of
the substrate causes the SizN4 coating to strain more and thus generates higher stresses in
that coating. However, the stress concentrations in the SigN4 coating for the components
0s and o, at the beginning of the corner are greatly reduced for lower moduli of the inner
coating. In fact, for higher moduli inner coatings, the stress concentration in the SizgN4
coating is such that o, becomes positive in the corner.

The shear stress and the normal stress for both coatings are confined to the corner region
for all moduli of the inner coating. Details of these stresses are shown in Figs. 5.14 - 5.17.

The region along the s-coordinate over which these stresses are present appears to be in-



73

CHAPTER 5. TEMPERATURE-INDEPENDENT RESULTS

[ww] s
8 9 14 g

[=]

llllilllllllll'

) |

-1—-—--—--——-—-—

N
18Wo)

]Illlllll

%D o0g =y ————
.\ BdDH 00 = - IR

84D 00 = '3

849 01 =

lIIIlJlJllllll

Lyl T T

o
-

[ww] s
8 9 4 2

LR | LJ Li I LN B A |

—--—--—--——-—

84D 005 = '3
8do 00F = "3
849 00€ = “w
vdD 002 = 73
®dO 001 =
edo 0l = "3

m - ——

1 1 L 1 I

——.P———-—-———..—__-

N TN S . |

ot

St

Ol-

fedn] *2

[edn] ‘o

(ww 10 =7 ‘wwg Q=4
‘ww T = ™9 ‘ww g = ™*m) 3u1§e0d J9UUl Ul UOIYNJLIISIP 889198 WO FUIYL0D JoUUI 9Y3) JO SN[NPOUT JO J03hH :Z['S 2mB1g

[ww]s
4]} 8 9 14 e 0
i1 — L LA — LEBLBR AL _ LI LI — LB
- 4
[ ™ %do00s =3 ————|]
[ 8WOY | sdooop=it3 e N
= i n vdo oo ="y —-— [
- = 80002 ="My eeoee- 5
N T S 849 004 ltE_w PN
” ...... 249 01 li-.w .
[ A— — -
=1 III'\\‘ J
- —— =
[ R e e e
[ww)s

] 8 9 14 4 0
L LML — L) LR L — LR — L LI — LR L) -l
- AAn/ J
i owoy 2
- 7 .
T seeesees 1

- I\\ ........... .
- /] - 8
- [ e e ]
- \.... \-\- and
N b= ®d900g=""y  ————| ]
L - \...\ \\\ ﬁlcgl m ............. i
i NI edo 00g ="y —-— | ]
.z 849002 ="V - | o
- ~ A 839 001 =3 .—— 17
- edo ol =""3 —— | 1
o e ]

0§1-

00i-

ooe-

0S}-

0ol-

0s-

[ednl] o

fedn] ‘o



74

CHAPTER 5. TEMPERATURE-INDEPENDENT RESULTS

[=}
-

[ww]s
9 14 4

o

LR lllllT"lIllll

LI S A

_-_—__..—-_-_--

%doo0s= 3  ————
sdo ooy ="""'3
%o oE=""3 —-—
©do 002 = "3
8dD 00} = ™3
edo o1 =3

8
— T
‘:u”/
£ [ 18woo

‘Illlllllj Ll_llllllllllll

” J . | — | — 1 1 1 1 — 11 1 | — 3 1 1 —“
[ww) s

ot 8 9 L4 e 0
R LI — nwirri _ LI B ) _ LN B | — LI L l
[ T 1 9D 005 ="'y ————| ]
[ Jewo) 8D 0oP ="""13 e ]
[ o 00g=""g e | ]
- | BdD00Z=" g ------- .
- 5 ®do 008 ='*M3 . — | 4
- 7 sdool="*3 —— |-
[ 3 n
- ] -
= ! ) 4
- &\\ .
F - — | _ ) | — L1 1 1 ]

[edn] 2

lllllllll'l[]r

[edn] ‘o

o
-—

(ww g =) ‘ww g = 4
“uw T = 3 ‘ww g = *m) Suiyeod YNEIG UT TOTYNGLIYSIP 88138 UO SuIe0d JOUUL 3Y} JO SN[NPOU JO 303yH :¢T°G 2and1g

(ww)s
9 14 4

LENL L]

8
|
i

u-—-q-—--_--

i

lllllll
-
-
-
-

L

T

84O 001 =
8do Ot ="*M'3

m - ——

S

-P——--—thth_-

o
-—

[ww} s

T 1 i ¢ I Ll L) ] i

L4 1 1

or-

oc-

0e

[edwn] o

[edi] o



75

CHAPTER 5. TEMPERATURE-INDEPENDENT RESULTS

dependent of the modulus of the inner coating. As can be seen in Figs. 5.14 and 5.16, the
magnitude of the normal stress in both coatings depends significantly on the modulus of
the inner coating. The normal stress decreases for a lower modulus inner coating. The
stress concentrations in the shear stress in the inner coating, Fig. 5.15, are also reduced
significantly for a lower modulus inner coating. For the shear stress in the SigN, coating,
Fig. 5.17, the stress concentration at the beginning of the corner does not change with the
modulus of the inner coating. However, the stress concentration at the end of the corner
decreases with decreasing modulus. The lower modulus inner coating minimizes the stress
concentration effect in the SigNy.

In summary:

e For large width-to-radius ratios the corner does not influence the stresses away from
the corner. Also, stresses in the corner region do not change with increasing sub-
strate width for widths larger than some critical width-to-radius ratios. This ratio is

approximately wsyp/r = 10.

e For small width-to-radius ratios the corners interact. Stresses in the corner region

and “away” from the corner are influenced by the corner.

e Shear and normal stresses are predominant in the corner region. While the normal

stress diminishes rapidly away from the corner, the shear stress diminishes only slowly.

e Large stress concentrations in the tangential stress are present at the beginning of the

corner.

e The ISPSA accurately predicts far-field stresses for width-to-radius ratios larger than
the critical width-to-radius ratio.

e Though the modulus of elasticity of the inner coating significantly influences the
magnitude of the stresses, it does not affect the region of influence of the corner. In
other words, the critical width-to-radius ratio is independent of the modulus of the

inner coating.
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Figure 5.14: Details of normal stress oy, in inner coating for different moduli of the inner
coating (Wewp = 8mMm, tyyp = 1mm, r = 0.5mm, tepe: = 0.1mm).
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Figure 5.15: Details of shear stress 7, in inner coating for different moduli of the inner
coating (Wsup = 8 MM, ey = Lmm, r = 0.5mm, teoar = 0.1 mm).
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Figure 5.16: Details of normal stress o, in SigN4 coating for different moduli
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Figure 5.17: Details of shear stress 75, in SigN4 coating for different moduli of the inner
coating (wsyp = 8mm, teyp = 1mm, 1 = 0.5mm, teq = 0.1 mm).
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Several conclusions relating to the modeling of substrates with coatings can be drawn from

this study:

¢ For narrow substrates for which the corners interact, the entire composite needs to be

modeled using finite elements to obtain accurate stresses.

e For wide substrates only the region up to the critical width-to-radius ratio may needed
to be modeled using finite elements. Far-field stresses can be predicted using a simpli-
fied analysis like the ISPSA. The ISPSA stresses could be used as boundary conditions
on the reduced size finite element model.

The geometries considered in the present study allowed for modeling of the entire composite
with finite elements. Thus, the reduced size modeling approach was not used. However, for
geometries on the extremes of the dimensions indicated on page 16, it would not be possible
to model the entire composite using finite elements and the reduced size modeling approach

would have to be used.

5.4 Influence of Substrate Orthotropy

As the tangential coordinate s increases from values “before the corner” to values “after the
corner”, it is clear that the changing geometry due to the corner influences the character
of the various stress components. This was observed in the figures in the previous section.
There is, however, another important influence on the character of the stresses in the corner
region. The variation of the material properties of the substrate due to the rotation of the
s-n-z coordinate system when moving in the direction of s around the corner contributes
significantly to the variation of the stresses. The rotation of the s-n-z coordinate system in
the corner region was illustrated in Fig. 5.1. To demonstrate this, the orthotropic substrate
in the above study was replaced by two different isotropic substrates for the case with
weyp/r = 16. For the first isotropic case, the stiff inplane properties of the orthotropic

substrate were used as the isotropic properties, i.e., the substrate properties were E =
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100.0GPa, v = 0.07, and o = 0.1 x 10-%/°C. For the second isotropic case, the soft
transverse properties were used as the isotropic properties, i.e., the substrate properties
were E = 5.0GPa, v = 0.2, and a = 4.8 x 1075/°C. The properties of the coatings were
kept the same for all cases. As in the previous section, both coatings were applied at the
same temperature, and the composite was subjected to a 100°C temperature increase. The
stresses at the midthickness location of the B4C coating for the cases with the orthotropic
substrate and the two isotropic substrates are compared in Fig. 5.18. In the legend of the
figure, the case with the actual orthotropic substrate is denoted as “orthotropic”, the case
with the hypothetical isotropic substrate with the stiff properties is denoted as “isotropic,
stiff”, and the case with the hypothetical isotropic substrate with the soft properties is
denoted as “isotropic, soft”.

Consider the tangential stress o, in Fig. 5.18. For the composite with the orthotropic
substrate, a large variation of o, with s can be observed in the corner region. In contrast,
only small variations are present for the composites with isotropic substrates. The variation
of stress in composites with isotropic substrates can be attributed solely to the geometric
discontinuity. However, in addition to the geometric discontinuity, the variation of the
material properties of the orthotropic substrate due to the rotation of the s-n-z coordinate
system when moving in the direction of s around the corner contributes significantly to
the variation of the stresses. For values of s before the corner, the orthotropic substrate
has a high modulus and a very low coefficient of thermal expansion in the s direction. In
this region the coefficient of thermal expansion of the substrate is much lower than the
coefficient of thermal expansion of the coatings. Hence, large stresses are generated in the
coatings before the corner. As can be seen in Fig. 5.18, these stresses are close to the stresses
generated for the case with the isotropic substrate with stiff material properties. For values
of s after the corner, the modulus of the orthotropic substrate in the s direction is very
low, while the coefficient of thermal expansion now is larger than the coefficient of thermal
expansion of either coating. Hence, only low stresses are generated in the coatings after the

corner. These stresses are close to the stresses for the case with the isotropic substrate with
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soft properties. Thus, the large variation of the stress component o, with s in the corner
region of the composite with the orthotropic substrate can be attributed to the geometric
discontinuity and to the variation of the material properties. Also, notice in the character
of o, that the region of influence of the corner region is increased for the composite with the
orthotropic substrate. The variation of stress begins at lower values of s for the composite
with the orthotropic substrate than for the composites with either isotropic substrate.

In contrast to the tangential stress o, for the axial stress o, the orthotropy of the
substrate only causes small changes in the corner region. The variation of the axial stress
in the corner region is due to its Poisson coupling to the other stress components. Because
the properties of the orthotropic substrate and the stiff isotropic substrate are the same in
the axial direction, the magnitudes of the axial stresses for these two cases are close. The
much lower axial modulus of the soft isotropic substrate results in much lower axial stresses
compared to the stiff isotropic and the orthotropic case.

The orthotropy of the substrate also has a significant influence on the normal stress,
On, and the shear stress, 7;,. The normal stress shows a smooth variation in the corner
region for the isotropic substrates. It is symmetric with respect to the center of the corner.
For the stiff isotropic substrate the normal stress is tensile throughout the corner region,
and for the soft isotropic substrate it is compressive throughout the corner region. For the
composite with the orthotropic substrate, the normal stress shows a very different behavior.
It is compressive at the beginning of the corner and tensile at the end of the corner. The
maximum magnitude of o, is smaller for the composite with the orthotropic substrate
than for the composite with the stiff isotrbpic substrate. Finally, notice that although the
maximum magnitude of the shear stress for the composite with the orthotropic substrate is
smaller than for the composite with the stiff isotropic substrate, the shear stress is influenced
at a larger distance from the corner for the case of the orthotropic substrate.

From the above discussion it can be concluded that:

e the orthotropy of the substrate has a significant influence on the stresses in substrate

and coatings, and
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e that, most importantly, the region of influence of the corner on the stresses away from

the corner is extended for composites with orthotropic substrates.

5.5 Influence of the Corner Radius

Finally, the influence of the corner radius on the stress concentration in the corner region and
on the far-field stresses was studied. As before, C/C substrates with B4C and SizN4 coatings
applied at the same temperature were considered. The substrate and the coatings were
subjected to a 100°C temperature increase. The substrate dimensions were wsyp = 4mm
and t,p = 1mm. The corner radius was varied from r = 0.1mm to r = 1mm. Both
coating thicknesses were tcoqt = 0.05 mm.

In the presentation of the results the s-coordinate was offset such that the center of the
corner would map to s = 0 for all cases. The s locations for the beginning and the end
of the corner for the different cases are given in Table 5.3. The stress components o5, o,
02, and Tey at the center of the SigNy and B4C coatings are shown in Figs. 5.19 and 5.20,
respectively. Details of the normal and shear stresses for both coatings in the corner region
are shown in Figs. 5.21 - 5.24. Because the overall behavior of the stresses in both coatings
is similar, only the stresses in the SigNy4 coating are discussed in detail.

First consider the tangential stress o, in Fig. 5.19. For all corner radii considered, this
stress approaches the same value away from the corner. However, in the corner region the

stress strongly depends on the corner radius. For a larger corner radius, as the corner is

Table 5.3: Beginning and ending s-coordinate for the corner region for different corner radii.

Radius [mm] | Spegin [mm] | send [mm]

0.1 -0.07854 0.07854
0.25 -0.19635 0.19635
0.5 -0.39270 0.39270
0.75 -0.58905 0.58905

1.0 -0.78540 0.78540
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Figure 5.21: Details of normal stress o, in SigNy4 coating for different substrate corner radii
(Woup = Bmm, typ = 1 mm, tepar = 0.5mm).

6 N 13 1 T L4 l L) T ¥ ¥
- — r=0.10 mm
4 u ——-  r=025mm
I VN B e r=0.50 mm
AN X’ X —-—  r=0.75mm
— 2 L= N\ | LT
© E
o C
= o F
i -
2
4 b
_6 : 1 [] [ 1 l
-1.0 0.5 0.0 0.5 1.0
s [mm]

Figure 5.22: Details of shear stress 7,, in Si3gN4 coating for different substrate corner radii
(Wsup = 8Mm, tgyp = 1 mm, teor = 0.5mm).
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Figure 5.23: Details of normal stress o, in B4C coating for different substrate corner radii
(Waup = 8MM, teyp = 1mm, teoar = 0.5mm).
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Figure 5.24: Details of shear stress 7,, in B4C coating for different substrate corner radii
(Woub = 8Mm, teyp = 1mm, tepar = 0.5 mm).
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traversed, the stress makes a smooth transition from its value before the corner to its value
after the corner. In contrast, for smaller corner radii large stress concentrations occur in
the corner region, almost at the center of the corner (s = 0). As the corner is traversed, the
stress significantly overshoots the value it reaches after the corner. The same observations
hold for the axial stress o,. However, for the axial stress the stress concentration for small
corner radii is not as severe as for the tangential stress.

As can be seen in Fig. 5.19, the normal stress o, is confined to the corner region for all
corner radii. Large stress concentrations are present in the corner region for small corner
radii. In Fig. 5.21 the normal stress in the corner region is shown in more detail. For large
corner radii the normal stress is almost zero throughout the corner. The stress increases
significantly for decreasing corner radii. The increase in the maximum normal stress in the
corner region is of higher order than the decrease in corner radius.

As with the normal stress, the shear stress is confined to the corner region. Away from
the corner, the stress approaches zero. The more detailed view of the shear stress in the
corner region in Fig. 5.22 reveals several interesting aspects of the shear stress distribution.
Two stress concentrations are present in the shear stress when traversing the corner from
s-values “before the corner” to s-values “after the corner” (from left to right in Fig. 5.22).
One stress concentration occurs directly at the beginning of the corner for the different
corner radii. The second stress concentration occurs closer to the center of the corner. The
largest stress concentration occurs closer to the center of the corner. The magnitude of the
stress concentrations at the beginning of the corner are almost independent of the corner
radius. In contrast, the stress concentration near the center of the corner strongly depends
on the corner radius. This stress concentration increases for smaller corner radii, and is felt
to be due to a coupling of geometric and orthotropic effects. It should be noted that for the
B4C coatings, the largest stress concentrations in the shear stress occurs before the corner
rather than close to the center, as was the case for the SizN4 coating. However, unlike the
situation for the SigN4 coating, the shear stress concentration at the beginning of the corner

increases with decreasing corner radius, as does the stress concentration near the center of
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the corner.

From this discussion the following conclusions can be drawn:
e Stresses away from the corner are not affected by the corner radius.

e The shear and normal stress are confined to the corner region. Both stresses diminish

rapidly when moving away from the corner.

e Large stress concentrations are present in the corner region for all stress components.

The stress concentrations increase for decreasing radius.

e The increase in the stress concentration for the normal stress is of higher order than

the decrease in corner radius.

The large stress concentrations in the corner region for small corner radii may cause pre-
mature failure of coatings. Therefore, it is clear that as large as possible corner radii should

be used in substrates to reduce the stress concentrations.

5.6 Summary

In this chapter the features and characteristics of the stress distributions in the coatings and
substrate were presented. Also, the influence of some geometric parameters on the stresses
in the substrate and coating was studied. Though these studies were for temperature-
independent material properties, qualitatively the characteristics of the influence of the
various parameters on the stress distributions should extrapolate to temperature-dependent
analyses. In the next chapter results for temperature-dependent material properties are

presented and the influence of several material parameters on the stresses is studied.



Chapter 6

Temperature-Dependent Results

While temperature-independent analysies are simpler and provide reasonable insight into
the thermal stresses in coatings, realistic materials exhibit temperature-dependent effects.
These must be included and in this chapter results from the temperature-dependent anal-
ysis are shown. Single-layer, multilayer coatings, and gradient coatings were considered.
The influence of various parameters on the stresses was studied. The parameters varied in-
cluded the coefficients of thermal expansion and the moduli of the coatings, the application
temperature of the coatings, as well as different property variations through the thickness
of gradient coatings. More detailed descriptions of the parameter studies are given in in-
dividual sections. To compare results from the parametric studies, two baseline cases were

established. These cases were :

1. A C/C substrate with a SiC coating applied at 1200°C.

2. A C/C substrate with a B4C coating applied at 1000°C and a SizN4 coating applied
at 1500°C.

In both cases, stresses were calculated for a range of temperatures. Results from ISPSAs
for infinitely wide composites and from finite element analyses for composites with a corner
were obtained for both cases. The results obtained from the ISPSAs were used to normalize

results obtained in the parametric studies.

89
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Figure 6.1: Baseline models for ISPSA.
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(a) Dimensions of substrate with SiC coating. (b) Dimensions of substrate with B,C and SiC
coatings.

Figure 6.2: Baseline models for cases including a corner.

6.1 The Baseline Cases

The first baseline case was a C/C substrate with a SiC coating applied at 1200°C. The
half-thickness of the substrate was t;,;, = 1mm and the thickness of the single coating
was tg;c = 0.3mm. The second baseline case was a C/C composite with a B4C coating
applied at 1000°C and a SizgN4 coating applied at 1500°C. The substrate thickness was
again t,,;, = 1mm and the coating thickness for the B4C and the SizgN4 coatings were
tg,c = 0.1 mm and ts;, N, = 0.2 mm, respectively. The geometries of the two baseline cases
for the ISPSAs are shown in Fig. 6.1. The geometries of the two baseline cases for the

composites with a corner are shown in Fig. 6.2.
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6.1.1 Incremental Plane-Stress Analyses of Baseline Cases

As was mentioned in Section 3.1, the z-y-z coordinate system for the ISPSA was chosen
such that the z- and the 2-coordinates are the inplane coordinates and the y-coordinate
is the transverse coordinate. As can be seen in Fig. 5.1, the z-y-z coordinate system
is aligned with the s-n-z coordinate system for values of s before the corner. Because
isotropic coatings and cross-ply orthotropic substrates were chosen, the magnitude of the
two inplane stress components, o, and ¢, were the same for the ISPSA. Stresses calculated
for a range of temperatures for the two baseline cases after application of all coatings are
shown in Fig. 6.3. Numerical values of the stresses for some temperatures are shown in
Table 6.1. Notice that the stress in the B4C coating for the second baseline case is not zero
at its application temperature (1000°C). This is due to the interaction between the SizN4
coating and the B4C coating when the composite is cooled from 1500°C after the SigN4
coating is applied. Note also that if temperature-independent material properties were
used, the stress-temperature relations would all be linear. Because cracking of coatings is
not modeled in the present study, some of the stresses listed in Table 6.1 are higher than
the strength of the respective materials. This is in agreement with experimental analyses
reported in literature and discussed in Chapter 1, which show that single material coatings
actually may crack at low temperatures. Even though some of the calculated stresses
exceed the material strength, results shown in the following studies are useful in revealing
the nature of the stresses in substrate and coatings, and the influence of different parameters
on the stresses. Therefore these results contribute significantly to the understanding of the
behavior of coated C/C substrates and the results can be used for the design of analyses
with more complex material models, as well as in the study of concepts for stress reduction
in coatings. These stresses calculated using the ISPSA are baseline, or reference, stresses
that will be used throughout this chapter as a basis for comparison. Unless otherwise noted,
all stresses at a particular temperature discussed in the following studies are normalized by
the stresses given in Table 6.1. The normalized stresses are denoted by an overbar, e.g., 7

is the normalized stress o,.
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Figure 6.3: Temperature-dependent stresses for baseline cases.

Table 6.1: Temperature-dependent stresses from ISPSA for baseline cases.

Temperature [°C] 20 500 1000 1500 2000

Case 1 SiC 1241.4 681.37 | 153.48 | -229.01 | -580.18

om0 Sub. | -372.42 | - 204.41 | -46.044 | 68.702 | 174.06
[1\’&’1);] SigNy | 391.17 | 253.303 | 62.6882 0. -13.15
Case 2 | B4C | 1050.27 | 540.135 | -28.379 | -596.87 | -1121.5

Sub. | -183.26 | -104.67 | -9.6997 | 59.687 | 114.78

6.2 Comparison of Temperature-Dependent and Tempera-

ture-Independent Analyses of Baseline Cases

To demonstrate the importance of including temperature-dependent properties in the anal-
ysis, results from temperature-dependent and temperature-independent ISPSAs for both
baseline cases were compared.

The stresses in the SiC coating and the C/C substrate for the first baseline case are

shown in Fig. 6.4. The stress- and strain-free temperature of the substrate and the coating
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(a) Substrate. (b) SiC coating.

Figure 6.4: Comparison of temperature-independent and temperature-dependent stresses
at different temperatures for a substrate with a SiC coating.

is indicated in the figure by the vertical line at 1200°C. It can be seen that the temperature-
independent analysis significantly underpredicts stresses at low temperatures and overpre-
dicts stresses at high temperatures.

For the second baseline case stresses in the coatings and the substrate are shown in
Fig. 6.5, in which the stress- and strain-free temperatures are indicated. As was mentioned
earlier, the stresses shown are the stresses calculated after the application of the SizNy4
coating. For the substrate the temperature-independent analysis underpredicts stresses at
room temperature. At high temperatures, the temperature-independent results are close to
the temperature-dependent results. In the B4C coating the difference in stresses calculated
using both theories is very small over the entire temperature range. In contrast, in the
SigNy coating the difference in stresses is very large. At room temperature the temperature-
independent analysis underpredicts stresses by 25% compared to the temperature-dependent

analysis.



94

CHAPTER 6. TEMPERATURE-DEPENDENT RESULTS

q,, o, [MPa]

100

-100

(c) SizNy coating.

—r 2000 =T -
— m= : : = Im,
[| ——- Temp.indep. A X ) . ]
s ] ﬁ1ow>\\\ p
s 3 [ [ = ]
[ == ] % [ S p
- 7 ] = 0oF y
L J © - J
' == ] & ! ]
- // -] -1000_— :
L _— ] L A
o
o g o E
] 500 1000 1500 2000 [+] 500 1000 1500 2000
T[°C] T[°C]
(a) Substrate. (b) B4C coating.
400 et "
- ———  Temp.-dep. 4
[ ——-  Temp-i . ]
200 b -indep. E
P~ ]
— -\\ -
g 200 - ~~ -
£ : N ]
¢ 00 F NG 3
=2 3 > 1
o S
o N
- ~_7
qoo b e U u i U ]
0 500 1000 1500 2000
T[°C]

Figure 6.5: Comparison of temperature-independent and temperature-dependent stresses
at different temperatures for a substrate with a SigN4 coating and a B4C coating.
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From this study it can be concluded that:
¢ To obtain accurate stresses a temperature-dependent analysis has to be used.

e The temperature-independent analysis may significantly underpredict stresses and

hence lead to wrong conclusions about coating failure.

e To justify a temperature-independent analysis all stresses need to be checked. In the
present case just checking the stresses in the B4C coating could lead to the conclu-
sion that the simpler temperature-independent analysis would be sufficient, while the
stresses in the SizNy4 coating clearly show that a temperature-dependent analysis has

to be used.

6.3 Temperature-Dependent Stresses in a Carbon-Carbon

Substrate with a SiC Coating

The stresses in the coating on a C/C substrate with a SiC coating and a corner were ana-
lyzed in detail. The geometry is shown in Fig. 6.2a and the material properties are given
in Appendix A. Stresses were calculated at 20°C, 500°C, 1000°C, and 1500°C after both
coatings were applied. First, consider the stresses at room temperature (20°C). The nor-
malized tangential, axial, normal, and shear stress components, &, &,, 7., and 7., in the
SiC coating are shown in Fig. 6.6 on page 99. Each stress component for the SiC was
normalized by the stress o, calculated at T = 20°C for the SiC in an infinitely wide com-
posite using the ISPSA. Similarly, each stress component for the substrate was normalized
by the stress o, calculated at T' = 20°C for the substrate in an infinitely wide composite
using the ISPSA. These stresses are given in Table 6.1. The stress components are shown
as functions of the tangential coordinate s at different locations through the thickness of

the SiC coating. The distance d in the legend indicates the normalized distance into the
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coating. The distance d is normalized by the total coating thickness, d = 0 at the free sur-
face and d = 1 at the SiC-substrate interface. Through-the-thickness gradients in the stress
components are proportional to the distance between the lines for the different thickness
locations in the figures. Thus, if the lines for all thickness locations coincide, the particular
stress component is uniform through the thickness of a coating. Gradients in the tangential
direction (s-direction) are proportional to the slope of the curves in the graphs.

Consider the normalized tangential stress &, in the SiC coating shown in Fig. 6.6. Away
from the corner &, = 1 for all thickness locations. This shows that away from the corner
the tangential stress approaches the far field value and is uniform through the thickness
of the coating. In contrast, in the corner region, the normalized tangential stress varies
between s = —0.32 near the free surface and ; = 1.5 near the SiC-substrate interface.
Thus, a very large gradient through the thickness of the coating is present in the corner
region. Also, there is a rapid variation with s. The maximum stress in the corner region is
approximately 50% larger than the far field stress. This indicates that the corner causes a
strong stress concentration that may lead to premature failure of the coating in the corner
region. Further notice that the variation of the stress through the thickness of the coating
near the horizontal line of symmetry of the composite is opposite to this variation in the
corner region. In other words, near the horizontal line of symmetry the stress is tensile near
the free surface (d = 0.02) and compressive near the SiC-substrate interface (d = 0.98),
whereas at the beginning of the corner the stress is compressive near the free surface and
tensile near the interface. The tensile stress in the corner is higher than the tensile stress
near the horizontal line of symmetry. Therefore failure should initiate in the corner region
near the SiC-substrate interface.

The axial stress, &,, shown in Fig. 6.6 varies in a way similar to the tangential stress &,.
The overall change of the axial stress in the corner region is much lower than it is for the
tangential stress. The stress is tensile for all thickness locations in the corner region. The

lower overall change in &, is due to the fact that the variation of the axial stress within the
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coating is caused by Poisson effects only.

As expected, the normal stress &, in Fig. 6.6 is confined to the corner region. It is
zero near the free surface and increases towards the SiC-substrate interface. For thickness
locations close to the free surface, the normal stress changes from a tensile stress to a
compressive stress traversing the corner with an increasing s-coordinate. For thickness
locations close to the SiC-substrate interface, the stress is compressive throughout the corner
region. Because of the compressive nature of the normal stress near the SiC-substrate
interface, delamination of substrate and coating is not expected.

Like the normal stress, the shear stress, 755, in Fig. 6.6 is zero away from the corner.
In the corner region, stress concentrations in the shear stress component are present near
the beginning of the corner and near the center of the corner. For all s locations within
the corner, the shear stress is zero near the free surface, increases towards the center of
the coating, and then decreases again towards the SiC-substrate interface. The maximum
value of the shear stress reaches about 16% of the far field tangential stress value. The
shear stress decreases much more slowly than the normal stress when moving away from
the corner toward s = 0.

In Fig. 6.7 the normalized maximum principal stress, &,q., and the normalized maxi-
mum shear stress, Tnaz, are shown for the SiC coating. The distribution of &4, is almost
identical to the distribution of the normalized tangential stress &, shown in Fig. 6.6. Thus,
the above discussion for the tangential stress equally applies to the maximum principal
stress. The distribution of the maximum shear stress is qualitatively similar to the dis-
tribution of the maximum principal stress. In the far field the maximum shear stress is,
in fact, exactly one half the maximum principal stress. This has to be the case, because
the maximum shear stress is 7o, = 0.5(0; + o77), where o; and orr are the principal
stresses. In the far field oy = 0/mar and 077 = 0. Therefore, in the far field Trmar = 0.5 Omasr.
Because the maximum principal stress component is the dominant stress component for
all s-locations and 7,4, = 0.5(c7 + oy7), the distribution of the maximum shear stress is

similar to the distribution of the maximum principal stress. Because the distribution of the
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maximum principal stress is similar to the distribution of the tangential stress, from this
point on discussions will focus on the more intuitive stresses, &s, Gn, 3, and 7sn in the
s-n-z-coordinate system:.

In Figs. 6.8 - 6.10 the normalized stress components in the SiC coating are shown at
500°C, 1000°C, and 1500°C. All stress components at 500°C were normalized by the stress
in the SiC coating at 500°C shown in Table 6.1, all stress components at 1000°C were
normalized by the stress in the SiC coating at 1000°C shown in Table 6.1, etc. A comparison
of Figs. 6.8 - 6.10 with Fig. 6.6 shows that the distributions of the normalized stresses are
almost identical for all temperatures. Notice, however, that the positive normalized stresses
in the figures for 1500°C indicate compressive stresses instead of the tensile stresses which
occured for the other temperatures. This is the case because the stresses for 1500°C were
normalized by a compressive stress (see Table 6.1).

Because the normalized stress distributions are similar at all temperatures, in the fol-
lowing sections only stresses at 20°C' will be considered. These room temperature stresses
are the most significant stresses because at this temperature the tensile tangential stress
in the SiC coating is larger than at higher temperatures. If this stress can be reduced to
a level at which the coating will not fail at 20°C, then the coating also will not fail at
higher temperatures. As was shown, the largest stresses occur in the corner region. A large
stress concentration was present in the tangential stress &, in the SiC coating near the
SiC-substrate interface. To obtain crack-free coatings, it is important to reduce this stress
concentration. Therefore in the following sections concepts to reduce these stress concen-
trations are studied. These concepts include the use of compliant interlayers, or isolation

layers, and the use of gradient coatings.
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Figure 6.7: Maximum principal stress and maximum shear stress at 20°C in the SiC coating
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6.4 Compensating/Compliant Coating Concept for Stress

Reduction in Coatings

In this section it is studied whether the stresses in the SiC coating can be reduced by
inserting a compensating/compliant layer between the C/C substrate and the SiC coating.
The total coating thickness was kept constant so that stresses are not changed due to
additional coating material. Keeping the total coating thickness constant also has practical
significance, because C/C composites are often used in weight-sensitive applications, and
additional coating material might increase the weight of the structure.

First the effect of inserting a compliant pyrolytic carbon coating between the substrate
and the coating is studied in Section 6.4.1. The influence of the SiC-pyrolytic carbon thick-
ness ratio on the stresses is investigated. Next, in Sections 6.4.2 and 6.4.3, the influence
of the coefficient of thermal expansion and the modulus of elasticity of the compensat-
ing/compliant layer on the stresses in the SiC coating are discussed. For this, the properties
in the compliant coating were varied from those of the pyrolytic carbon coating. In Sec-
tion 6.4.4 the effect of orthotropic compliant coatings is studied. Again, both the coefficient
of thermal expansion and the moduli of elasticity were varied. Finally in Section 6.4.5 the

results from the material property studies in Sections 6.4.2 - 6.4.4 are summarized.

6.4.1 Influence of Thickness of a Pyrolytic Carbon Coating on Stresses

In this parametric study it was investigated if inserting a soft or compliant pyrolytic carbon
coating between the substrate and the coating could be used to reduce stresses in the
coating. For this purpose an increasing fraction of the SiC coating was replaced by pyrolytic
carbon. The material properties for pyrolytic carbon are given in Appendix A. Stresses
were calculated a 20°C.

The stress components of interest for this compliant layer study were the normalized
maximum tangential stress Gs(maz), the normalized maximum normal stress Gp(maz), the

normalized maximum inplane shear stress 7,,(mas), 2nd the normalized maximum axial
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stress &;(maz) in the coatings for different ratios of the pyrolytic carbon layer thickness to
total coating thickness. These stresses were obtained by calculating the stresses in the s-n-z
coordinate system and then scanning the data to find the maximum absolute values of the
stress components. Further, the maximum normalized principal material direction stresses
in the substrate and the maximum principal stresses in the coatings were calculated. The
principal material direction stress in the C/C substrate in the direction of the fibers parallel
to the z-direction in Fig. 5.1 is &1, the stress in the direction perpendicular to the fibers,
the y-direction, is &9, and the stress in the direction of the axial fibers, or the z-direction,
is ;. The maximum principal stresses OI(maz) 30d Off(maz) are the algebraically largest
and smallest principal stresses in the coatings, respectively. The principal stress in the
axial direction in the coatings and the substrate is identical to 5,. The maximum shear
stress is the shear stress with the largest absolute value. The maximum values of all these
stress components are shown in Table 6.2 for the different ratios of the pyrolytic carbon
considered. (Be reminded that the stresses in Table 6.2 in the SiC and the pyrolytic carbon
coating are the actual stresses normalized by the stresses in the SiC at 20°C for an infinitely
wide substrate shown in Table 6.1, and the stresses in the C/C substrate are the actual
stresses normalized by the stress in the substrate at 20°C shown in Table 6.1.) Depending
on the stress component and the thickness of the pyrolytic carbon coating, each entry in
Table 6.2 may occur at different location in the composite. The first column in the table
corresponds to the baseline case discussed in Section 6.3. The tangential stress &5 near the
SiC-pyrolytic carbon interface and the normal stress &, in the SiC coating at the locations
of the maximum normal stress are shown in Fig. 6.11 as a function of the s-coordinate.
First consider the tangential stress &, in the SiC coating. In Table 6.2 it can be seen
that the tangential stress Os(maz) 0 the SiC coating decreases for increasing thickness of the
pyrolytic carbon layer until it reaches a minimum at ¢s4rpon /totat = 1/3. Then the maximum
tangential stress increases again for larger fractions of pyrolytic carbon. In Fig. 6.11 it can
be seen that the maximum of the tangential stress is in the corner region for low pyrolytic

carbon fractions. For high pyrolytic carbon fractions, the maximum is in the far field at the
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Figure 6.11: Tangential and normal stresses in SiC coating for different thicknesses of the
pyrolytic carbon coating
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vertical line of symmetry of the composite. The magnitude of the stress concentration in
the corner region decreases with increasing pyrolytic carbon thickness, but the magnitude
of the far field tangential stress increases with increasing pyrolytic carbon thickness. The
far field stress increases for increasing pyrolytic carbon thickness because there is less and
less stiff material (SiC) that can resist the thermal expansion of the substrate. As shown, a
pyrolytic carbon thickness exists where the magnitude of the tangential stress at the vertical
line of symmetry equals the maximum stress in the stress concentration in the corner region.
At this pyrolytic carbon thickness, the maximum tangential stress 7, reaches its smallest
value.

As shown in Table 6.2, the axial stress &, in the SiC coating increases with increasing
pyrolytic carbon thickness. However, its magnitude is always less than the magnitude
of the maximum tangential stress. Therefore, the maximum tangential stress would be
the failure-causing stress, and a decrease in this stress component due to the adding of a
pyrolytic carbon layer is more important than the increase in 7. The maximum axial stress
occurs always near the vertical line of symmetry.

From Table 6.2, it is seen that the maximum normal stress &, (mar) and maximum shear
Stress Ton(maz) i the SiC coating both decrease with increasing pyrolytic carbon coating
thickness. In Fig. 6.11 it can be seen that the maximum normal stress is always in the
corner region.

The algebraically largest maximum principal stress 0j(maz) in the SiC coating follows
the same trend as the maximum tangential stress. The difference in the magnitude between
these two stresses is negligible. In fact, for thicknesses of the pyrolytic carbon layer for
which the maximum stress occurs in the far field, the maximum principal stress and the
maximum tangential stress coincide. This is the case because for these thicknesses the
maximum stress occurs near the vertical line of symmetry, where the normal and shear
stresses are zero. The algebraically smallest principal stress decreases in magnitude for
increasing pyrolytic carbon coating thickness. As discussed for the maximum shear stress

in Section 6.3, the maximum shear stress in the SiC coating is about 1/2 the maximum
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principal stress.

Now consider the pyrolytic carbon coating. The maximum tangential stress in this
coating increases with increasing pyrolytic carbon thickness, reaches a maximum, and then
begins decreasing again. The normal, axial, and shear stresses in this coating all decrease
with increasing pyrolytic carbon thickness. At foappon/ttotat = 1/3, where the smallest
maximum tangential stress in the SiC coating was observed, the tangential stress in the
pyrolytic carbon coating reaches only about 7.2% of the baseline value. The normal stress
and the shear stress reach 12.5% and 8.9% of the baseline stress, respectively. Therefore,
because the normal stress is compressive, and thus delamination is not likely to occur, shear
failure is the most likely cause of failure in the pyrolytic carbon coating. As it is for the SiC
coating, the algebraically largest maximum principal stress in the pyrolytic carbon coating
is close to the maximum tangential stress in this coating.

In the substrate the maximum principal material direction stresses &, (maz)s Fz(maz), and
T12(maz) all improve with increasing pyrolytic carbon thickness. The stress 02(maz) Femains
fairly constant for a wide range of pyrolytic carbon thicknesses. It only begins to decrease
for large fractions of pyrolytic carbon.

The undeformed finite element mesh for the substrate and coatings is shown in Fig. 6.12a.
The deformed meshes for the substrate with only a SiC coating and for the substrate with
a pyrolytic carbon coating and a SiC coating for tegpbon/ttotal = 1/3 are shown in Figs 6.12b
and c, respectively. The thickness of the pyrolytic carbon coating in the figure is close to the
thickness for which the maximum tangential stress is a minimum. The soft pyrolytic carbon
coating shows large shear deformations in the corner region. This large shear deformation is
not present in the substrate with a pure SiC coating in Fig. 6.12b. From this observation it
is apparent that the shear deformation in the pyrolytic carbon layer causes the stress relief
in the SiC coating. Further, it can be seen that the shear deformation propagates several
corner radii away from the corner. The large shear deformation in the pyrolytic carbon

coating explains the relatively large maximum shear stresses in this coating.
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6.4.2 Influence of the Coefficient of Thermal Expansion of the Compliant

Coating on Stresses

It was found in the last section that a thickness of the pyrolytic carbon coating exists at
which the tangential stress in the SiC coating reaches a minimum. In this section results
obtained from varying the coefficients of thermal expansion of the compliant coating from
those of the pyrolytic carbon coating are discussed. The coefficients of thermal expansion
of the compliant coating were varied for the C/C substrate with a compliant coating and a
SiC coating as described in the previous sections.

First consider the effect of varying the coefficient of thermal expansion for a thickness
of the compliant coating of fcompi./ttotar = 1/3. This thickness is close to the thickness that
resulted in minimum tangential stresses for the variation of the thickness of the pyrolytic
carbon coating for the material properties discussed in the last section. The maximum
stresses in the coatings and in the substrate for different coefficients of thermal expansion
of the compliant coating are shown for teompl./ttotar = 1/3 in Table 6.3. Because, as was
discussed in Sections 6.3 and 6.4.1, the maximum principal stress and the maximum tan-
gential stress are almost identical, only the stresses in the s-n-z coordinate system will be
shown for the coatings, and the principal material direction stresses will be shown for the
substrate. In Table 6.3 it can be seen that in the SiC coating all stress components de-
crease with increasing coefficient of thermal expansion of the compliant coating. For low
coefficients of thermal expansion, the maximum tangential stress O 4(maz) decreases rapidly
with increasing coefficient of thermal expansion and then for higher coefficients of thermal
€Xpansion G,(,ma,) decreases more slowly. The tangential stress in the SiC coating near the
SiC-compliant coating interface, the location at which the stress concentration in the SiC
coating is the largest, is shown for the different values of the coefficient of thermal expan-
sion in Fig. 6.13a. As can be seen, both the far field value and the stress concentration
value in the corner region decrease with increasing coefficient of thermal expansion. The

decrease of the stress concentration is more rapid than the decrease of the far field stress.
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Therefore, for low coefficients of thermal expansion, for which the maximum stress occurs
in the corner, the maximum tangential stress decreases faster than for high coefficients of
thermal expansion, for which the maximum tangential stress is in the far field. The normal
stress in the SiC coating near the SiC-compliant coating interface is shown in Fig. 6.13b. It
can be seen that the normal stress, which is mostly compressive, is confined to the corner
region for all coefficients of thermal expansion and it decreases with increasing coefficients
of thermal expansion.

In the compliant coating, the maximum tangential stress &(maz)s the maximum axial
stress 0;(maxz)> and the maximum shear stress T,,(maz) shown in Table 6.3 for tearbon/ttotal =
1/3 all increase with increasing coefficient of thermal expansion. In contrast, the maximum
normal stress p,(maz) decreases in magnitude with increasing coefficient of thermal expan-
sion. The magnitudes of the maximum axial and tangential stresses in the compliant coating
are much smaller than in the SiC coating.

The maximum principal material direction stresses &y (maz) and &,(maz), and the max-
imum shear stress 7i9(maz) in the substrate all increase with increasing coefficient of ther-
mal expansion of the compliant coating. The maximum principal material direction stress
Ta(maz) decreases with increasing coefficient of thermal expansion. Due to the much smaller
modulus of the substrate in the 2-direction, the stress Gy(mqs) is much smaller than the
other stress components.

In Section 6.4.1 it was shown that for increasing thickness of the pyrolytic carbon coating
for constant material properties, the far field tangential stress in the SiC coating increased
slowly, while the stress concentrations in the SiC coating decreased rapidly. In this section it
was shown that for an increasing coefficient of thermal expansion of the compliant coating
for a fixed thickness of teompl./ttotat = 1/3, both the far field tangential stress and the
stress concentration in the corner region in the SiC coating decreased. To investigate if
there is a combination of coefficient of thermal expansion and thickness of the compliant
coating for which the maximum stresses in the SiC coating would have their smallest values,

the combined effect of varying both the compliant coating thickness and the coefficient of
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Figure 6.13: Tangential stress and normal stress in SiC coating for different coefficients of
thermal expansion of the compliant coating.
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thermal expansion of the compliant coating on the maximum stresses was investigated. For
this purpose the thickness of the compliant coating was varied form tcarbon/ttotar = 0 to
tearbon [tiotal = 1/2 and the coefficient of thermal expansion of the compliant coating was
varied from 0 to 25 x 1076/°C. For a number of combinations of thickness and coefficient
of thermal expansion of the compliant coating, the maxima of the stress components in the
coatings and the substrate were calculated. Contour graphs of these maxima as functions
of the thickness and the coefficient of thermal expansion of the pyrolytic carbon coating
were prepared. It should be noted that the maxima of the stresses shown do not necessarily
occur at the same locations in the composite.

The maximum stresses in the SiC coating as a function of the thickness and the coef-
ficient of thermal expansion of the compliant coating are shown in the contour graphs in
Fig. 6.14. First focus on the maximum tangential stress in Fig. 6.14a on page 117. It can
be seen that the smallest maximum tangential stress occurs for a compliant coating thick-
ness of teompl./tiotal = 1/6 and for a coefficient of thermal expansion of 25 x 10~%/°C. For
decreasing coefficients of thermal expansion, the smallest maximum tangential stress shifts
towards larger compliant coating thicknesses. In Fig. 6.14b it is shown that the maximum
normal stress decreases with increasing compliant coating thickness and with increasing
coefficient of thermal expansion. The maximum axial stress shown in Fig. 6.14c is smallest
for small teompt./tiotar ratios. This stress component is somewhat insensitive to changes in
the coefficient of thermal expansion. The maximum shear stress shown in Fig. 6.14d varies
similarly to the normal stress. However it does not change as rapidly as the normal stress
with either parameter. These observations show that choosing the right combination of
coefficient of thermal expansion and thickness of the compliant coating can result in sig-
nificantly reduced stresses in the SiC coating compared to the baseline case. For higher
coefficients of thermal expansion of the compliant coating, Jower thicknesses of this coating
are necessary to achieve lower stresses.

The variation of the maximum normalized stresses in the compliant coating with both

the coefficient of thermal expansion and the thickness of the compliant coating are shown in
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Fig. 6.15. The maximum tangential stress and the maximum axial stress are both insensitive
to the thickness of the compliant coating. Both stresses increase with increasing coefficient of
thermal expansion. However, their maximum magnitude is much smaller than the stresses
in the SiC coating. The maximum normal stress decreases in magnitude with increases
in both the coefficient of thermal expansion and the thickness. It is always compressive.
In contrast to the maximum normal stress, the maximum shear stress increases with the
coefficient of thermal expansion for all thicknesses of the compliant coating. For high values
of the coefficient of thermal expansion, it reaches a maximum value at about tcompl. [tiotal =
1/6. This location of the largest maximum shear stress in the compliant coating in the
coeflicient of thermal expansion-thickness parameter space coincides with the location of the
smallest tangential stress in the SiC coating in the coefficient of thermal expansion-thickness
parameter space. This supports the conclusions drawn in Section 6.4.1 that the shearing of
the compliant coating plays an important role in reducing the stress concentrations in the
SiC coating (see Fig. 6.12c).

The normalized maximum principal material direction stresses ) and &, in the sub-
strate, shown in Fig. 6.16, are insensitive to changes of the coefficient of thermal expansion
of the compliant coating. However, they decrease with increasing thickness of the compli-
ant coating. The transverse principal material direction stress 52 decreases with increasing
compliant coating coefficient of thermal expansion and increasing thickness. The maximum
shear stress 712 in the substrate has a maximum value at the same location in the parameter
space as the maximum shear stress in the compliant coating.

In this section it has been shown that the stresses in the SiC coating can be reduced
significantly if the right combination of thickness and coefficient of thermal expansion of
the compliant coating is chosen. This reduction of stresses in the SiC coating was achieved

without significantly increasing the stresses in the compliant coating and the substrate.
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Figure 6.14: Effect of thickness and coefficient of thermal expansion of the compliant coating
on the maximum stresses in the SiC coating.
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Figure 6.15: Effect of thickness and coefficient of thermal expansion of the compliant coating

on the maximum stresses in the compliant coating.
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Figure 6.16: Effect of thickness and coefficient of thermal expansion of the compliant coating
on the maximum stresses in the C/C substrate.



120
